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vi ABOUT THIS BOOK

ABOUT THIS BOOK

The following three themes have been fully integrated throughout the Pearson Edexcel International
Advanced Level in Mathematics series, so they can be applied alongside your learning.

1. Mathematical argument, language and proof
* Rigorous and consistent approach throughout

» Notation boxes explain key mathematical language and symbols
2. Mathematical problem-solving The Mathematical Problem-Solving Cycle
e Hundreds of problem-solving questions, fully integrated specity the problem

into the main exercises

* Problem-solving boxes provide tips and strategies interpret results _ :
collect information
» (Challenge questions provide extra stretch

process and
3. Transferable skills

represent information

» Transferable skills are embedded throughout this book, in the exercises and in some examples
» These skills are signposted to show students which skills they are using and developing

Finding your way around the book
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Exercises are packed
with exam-style
questions to ensure you
are ready for the exams

Problem-solving boxes provide hints,
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often lose marks in their exams

Each section begins
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Each chapter ends with a Chapter review
and a Summary of key points
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QUALIFICATION AND ASSESSMENT OVERVIEW

QUALIFICATION AND
ASSESSMENT OVERVIEW

Qualification and content overview

Pure Mathematics 1 (P1) is a compulsory unit in the following qualifications:
International Advanced Subsidiary in Mathematics

International Advanced Subsidiary in Pure Mathematics

International Advanced Level in Mathematics

International Advanced Level in Pure Mathematics

Assessment overview
The following table gives an overview of the assessment for this unit.

We recommend that you study this information closely to help ensure that you are fully prepared for
this course and know exactly what to expect in the assessment.

Percentage Mark Time Availability
P1: Pure Mathematics 1 33 % % of I1AS 75 1 hour 30 mins | January, June and October
Paper code WMA11/01 15% % of IAL First assessment January 2019

IAS - International Advanced Subsidiary, IAL - International Advanced A Level

Assessment objectives and weightings Minimum

weighting in
IAS and IAL

Recall, select and use their knowledge of mathematical facts, concepts and techniques in a

AO1 ;
variety of contexts.

30%

Construct rigorous mathematical arguments and proofs through use of precise statements,
logical deduction and inference and by the manipulation of mathematical expressions,
including the construction of extended arguments for handling substantial problems
presented in unstructured form.

AO2 30%

Recall, select and use their knowledge of standard mathematical models to represent
situations in the real world; recognise and understand given representations involving
standard models; present and interpret results from such models in terms of the original
situation, including discussion of the assumptions made and refinement of such models.

AO3 10%

Comprehend translations of common realistic contexts into mathematics; use the results of
AO4 | calculations to make predictions, or comment on the context; and, where appropriate, read 5%
critically and comprehend longer mathematical arguments or examples of applications.

Use contemporary calculator technology and other permitted resources (such as formulae
AO5 | booklets or statistical tables) accurately and efficiently; understand when not to use such 5%
technology, and its limitations. Give answers to appropriate accuracy.




QUALIFICATION AND ASSESSMENT OVERVIEW

Relationship of assessment objectives to units

Assessment objective

P1 AO1 AO2 AO3 AO4 AO5
Marks out of 75 30-35 25-30 5-15 5-10 1-5
% 40-465 333-40 65-20 65-131 13-65

Calculators

Students may use a calculator in assessments for these qualifications. Centres are responsible for
making sure that calculators used by their students meet the requirements outlined below.

Students are expected to have available a calculator with at least the following keys: +, —, x, +, m, x2,
VX, lr' x?, In x, e¥, x!, sine, cosine and tangent and their inverses in degrees and decimals of a degree,
and in radians; memory.

Prohibitions

Calculators with any of the following facilities are prohibited in all examinations:
« databanks

 retrieval of text or formulae

« built-in symbolic algebra manipulations

« symbolic differentiation and/or integration

» language translators

« communication with other machines or the internet



X EXTRA ONLINE CONTENT

. Extra online content

Whenever you see an Online box, it means that there is extra online content available to support you.

SolutionBank

SolutionBank provides worked solutions for questions in the book. Download all
the solutions as a PDF or quickly find the solution you need online.

Use of technology

Explore topics in more detail, visualise m Find the point of intersection O

problems and consolidate your understanding. graphically using technology.
Use pre-made GeoGebra activities or Casio
resources for a graphic calculator.

GeaGebra CASIO.

GeoGebra-powered interactives Graphic calculator interactives

il El [EXE]:Show coordinates
PHERH Yi=x223x—-08__ . | |

Simutanecus eguation
= —3r+1
x4+ 1y =13

Sohtions: [2,-1) 1,5

INTSECT

T b
43 5 a3 & 3 5 L e [E]

Interact with the maths you are learning Explore the maths you are learning and gain
using GeoGebra's easy-to-use tools confidence in using a graphic calculator

Calculator tutorials Finding the value of the first derivative

Our helpful video tutorials will
guide you through how to use to access the function press:
your calculator in the exams.

They cover both Casio's scientific o o) WD @ @ ﬁ

and colour graphic calculators.

- _

P Pearson

@ Work out each coefficient quickly using % Step-by-step guide with audio instructions

the ”C, and power functions on your calculator. on exactly which buttons to press and what
should appear on your calculator's screen
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After completing this chapter you should be able to:

Learning objectives

e Multiply and divide integer powers - pages 2-4

Expand a single term over brackets and collect
like terms - pages 2-4

Expand the product of two or three expressions - pages 4-6

Factorise linear, quadratic and simple cubic expressions - pages 6-9

Know and use the laws of indices - pages 9-11
Simplify and use the rules of surds - pages 12-13
; : , %
Rationalise denominators - pages 13-15 § y
e : .-: v 3 : ji!ﬂl r' .I' ié /g
Prior knowledge check gl L L Vi |

Simplify: | b;j;. L j  1HAfj/,=

a 4mcn + 5mn® - 2men + mn? - 3mn®

] '.
b 3x2-5x+2+3x2-7Tx-12 \ v Y\
« International GCSE Mathematics ‘ \ (

Write as a single power of 2:
a 2°x?2’ b 26+2°

c (273)2 « International GCSE Mathematics

af P

Expand:
a 3(x+4) b 52-3x)
c 6(2x—-5y) « International GCSE Mathematics

Write down the highest common factor of:
a 24and16 b 6xand 8x?

€ 4xy°and 3xy  « International GCSE Mathematics

Computer scientists use indices
' ‘:f to describe very large numbers.
_ , A quantum computer with 1000
Simplify:

10x 20x x 40x

35 s 24

« International GCSE Mathematics in the observable universe,

EXPRESSIONS "7

- qubits (quantum bits) can consider
21990 yalues simultaneously. This is
greater than the number of particles




2 CHAPTER 1 ALGEBRAIC EXPRESSIONS

m Index laws

® You can use the laws of indices to simplify powers of the same base.

. al’ﬂxaﬂ:aﬂ!-l‘-ﬂ
e g gt=qgm-"n
. (am)ﬂ = gmn

(ab)"= a"b"

Simplify these expressions:

7
b 2% x 353 b

b

a >xx°

7

T ERE T

[

a X

o Zpl e Sr= 5 s acil e gty

ZISXF'EIE:GFE
e s 3 Jl
G?}IZE}' —b"
5 g B e
d 'SJIL' —3‘{‘3—55(;_,;
:2}(1‘3:212

e (@3 x 2a° = a° x 2q° *

=2 x a° x g = Pa®

|

g BXF_ 2

x4 X

]
P!

d 6x° < 3x°

Expand these expressions and simplify if possible:
a —3x(7x—4) b »*(3-2y")
¢ 4x(3x-2x*+ 5x7) d 2x(5x +3)-512x + 3)

This is the index,
x5 power or exponent.

[— This is the base.

e (a*)? x 2a? f (3x%) +x*

Use the rule @™ x a™ = a™ * " to simplify the index.

Rewrite the expression with the numbers
together and the r terms together.

2x3i=§8

2y pd=y2+3

Use the rule @™ + a" = @™~ " to simplify the index.
X7= = -t =

Use the rule (@")" = a™ to simplify the index.
abx a2 =qb+2 =g

Use the rule (ab)" = a"b" to simplify the numerator.
(x2)3 = x273 = x6
&

X
X

LCUOTTTE A minus sign outside

brackets changes the sign of
every term inside the brackets.



ALGEBRAIC EXPRESSIONS CHAPTER 1

—3xxTx==-21x1t1==-21x2

a —3x(7x-4)=-21x°+12x
—3x x (—4) =+12x

b JE(3 —2)°) =3y = 2)°

L_ 32 x (=2)%) = —2)2+3 = =25
e Ax3x=2x% % 5x7)

= 12x% — 6x° + 20x*

Remember: a minus sign outside the brackets

d 2X(6Xx 3] — S2X+ 3]
X(5x ) ( ) changes the signs within the brackets,

=10x2 + 6x—-10x - 15
= 10x% — 4x - 15
I Simplify 6x — 10x to give —4x.

Simplify these expressions:

x7+ x* 3x2—-6x7 20x7 + 15x3
a - h ——— e
x3 2x 5x*
R B L . e ;
a = 5 + = Divide each term of the numerator by x~.
v aE
e Ll el T o
— x!listhe sameas x.
b S = il
2X = S =
— Divide each term of the numerator by 2x.
B Y S T
2 ' z
. : : . Simplify each fraction:
ek By 20 18N Ix2 3 x2
c 5 = oo = o O s L OO 5 |
2WE g g e g e
= 7 =2 3-2 — AyD . 5 -3
= 4x + 3x = 4x° + 3x _6x =-§xl—=-3x,x5—1
ey Z 5
L Divide each term of the numerator by 5x2

(|53 INTERPRETATION

1 Simplify these expressions:

3

W ol b 2x° x 3x c %

4p° 3x3

— Kot 118 235
2 2p = 3% £ 09
g 10x°+2x° h (p?) +p* i (24°) +24d°
: : | 21a°b’
] 8p4 - 4‘(}3 k 24* x 3a° 1 Tab?
m 9x? x 3(x?)* n 3x° x 2x? x 4x° o 7a* x (3a*)’

p 4°) +2y° q 243 + 3a® % 6a° r 3a* x2d° x &



4 CHAPTER 1 ALGEBRAIC EXPRESSIONS

2 Expand and simplify if possible:

a 9Yx-2) b x(x +9) ¢ -3y(4-3y)
d x(y +5) e —x(3x+3) f —Sx(4x+1)
g (4x + 5)x h -3y(5-2)%) i —2x(5x —4)
i Bx-=5)x° k 3(x+2)+(x-=17) I Sx-6-(3x-2)
m4(c+3d?)-32c+d?) n (rP+3+9)-(2r + 31" -4)
0 x(3x*—-2x+)9) p 7vi(2-5y+ 3y q -20%(5-Ty+ 3y?)
r 7(x-2)+3(x+4)-6(x-2) s Sx-34-2x)+6
t 3x2-x(3-4x)+7 u 4x(x+3)-2x(3x—-7) v 3x2(2x+ 1) - 5x2(3x — 4)
3 Simplify these fractions:
6x%+ 10x° b 3x7—x7 s 2x4 — 4x?
2x X 4x
d 8x3 + 5x o Tx7+ 5x? ¢ 9x° — 5x?
2% 3% Ix

@ Expanding brackets

To find the product of two expressions you multiply each term in one expression by each term in
the other expression.

Multiplying each of the 2 terms in the first expression by each of the

i 3 terms in the second expression gives 2 x 3 = 6 terms.

Y i e
(x +5)(4x =2y +3) =x(bx -2y +3) + 5(bx -2y + 3) |

\Ji..—_-"{...ﬂ’ﬁ =4x°-2xy +3x+20x - 10y + 15J
2 X = 4x? - 2xy + 23x - 10y + 15

S ENE o m INTERPRETATION

Expand these expressions and simplify if possible:

Simplify your answer by collecting like terms.

a (x+5)(x+2) b (x-2y)(x*+1) ¢ (x—yp) d (x+p)3x-2y-4)
a (x+5)x+2). Multiply x by (x + 2) and then multiply 5 by (x + 2).
=xZ+ 2x + 5x + 10
=x°+ 7x+ 10

Simplify your answer by collecting like terms.

b (x - 2p)(x%+ 1)

= Bt '
o - I 212}‘ . 2}, 2}’ X Xc= ZX'E_],

There are no like terms to collect.
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c (x =P (x — )2 means (x — y) multiplied by itself.
= (x = yNx - y)
= X2 — Xy — Xy + ? —Xy — Xy = —2X)
= x2 — 2}1‘_}’ + }’2

Multiply x by (3x — 2y — 4) and then
d (% + Y% ~ ey = 4)" multiply y by (3x — 2y — 4).
=x(3x-2y—-4) + y(3x - 2y - 4)
= 3x% — 2xy — 4x + 3xy — 2y¢ — 4y
=3x2 + xy—4x — 2y? - 4y

Expand these expressions and simplify if possible:

a x2x+3)(x-17) b x(5x-3)2x-y+4) c (x—4dx+3)(x+1)
a8 ¥Ex'+ Site =72 Start by expanding one pair of brackets:
= (2x2 + 3x)(x — 7) x(2x+3) =2x% + 3x
= 2x° — 14x% + 3x?% - 21x
= 293 — 1x2 — 21x You could also have expanded the second pair of

brackets first: (2x +3)(x - 7) =2x2-11x-21

b Jlflf:5_‘{' _ 3_].}[:2.1 — 4:] Then ml_.lltlply b}" 3

= (5x2 - 3xp)2x -y + 4)

=5x?2x =y + 4)=3xp2x -y + 4) -
= 10x3 — 5x%y + 20x% — 6x%y + 3xy° — 12xy
= 10x3 — 11x%y + 20x% + 3xy% - 12xy

Be careful with minus signs. You need to change
every sign in the second pair of brackets when
you multiply it out.

Choose one pair of brackets to expand first,
c (x —4)x+ 3)(x+1)- for example:

=(x%2 - x-=12)(x + 1) (x=4)x+YN=x2+3x-4x-12
=xZx+ N -x(x+1)-12(x+ 1) =xt-x-12

=x* 4+ x2-xF=-x=12x-12

X2 —15x —12s You multiplied together three linear terms,

so the final answer contains an x3 term.
Exercise @ m INTERPRETATION

1 Expand and simplify if possible:

a (x+4)(x+7) b (x-3)(x+2) ¢ (x—2)°

d (x-y)(2x+3) e (x+3y)dx-y) f Cx-4)3x+y)

g 2x-3)x-4) h (3x+2y) i (2x+ 8y)(2x + 3)

j (x+5)2x+3y-3) k (x-1)3x-4y-)5) I (x=4y)2x+y+))
m(x+2y—1)(x+3) n 2x+2y+3)(x+6) 0 4-y)4y-x+3)

p 4y+35)3x—-y+2) q Sy =-2x+3)(x-4) r dy-x-=-2)(5-y)
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2 Expand and simplify if possible:

a S(x+ 1)(x-4) b 7(x-2)(2x +5) ¢ 3(x-3)(x-3)

d x(x-p)(x+y) e x(2x+1)3x+4) f p(x=35)(x+1)

g P(3x = 2y)(4x + 2) h (7 -x)(2x-5) i xX(2x+ p)(5x - 2)

j x(x+2)(x+3y-4) k y2x+y-1)(x+5) l y(3x+2y-3)2x+1)
m x(2x + 3)(x+py - 3) n 2x(3x-1)d4x-y-3) o0 3x(x-2y)2x+3y+)5)
p (x+3)x+2)(x+1) q (x+2)(x-4)(x+3) r (x+3)(x-1)(x-5)

s (x=5)x-4)(x-3) t 2x+ D(x=2)x+1) u 2x+3)3x-1)(x+2)

v Bx-2)2x+ 1)3x-2) wix+pNx—pIx=1) X (2x-3y)

® 3 The diagram shows a rectangle with a square cut out. Problem-solving

The rectangle has length 3x — y + 4 and width x + 7.
The square has side length x — 2.

Find an expanded and simplified expression

for the area shaded green.

Use the same strategy as you would use
if the lengths were given as numbers:

6 cm

3cm

T2 10cm

dx-y+4

® 4 A cuboid has dimensions (x + 2)cm, (2x — 1)em and (2x + 3) cm.
Show that the volume of the cuboid is (4x* + 12x% + 5x — 6) cm?.

5 Given that (2x + 59)(3x = »)(2x + ) = ax® + bx2y + cx)? + db3,
where a, b, ¢ and d are constants, find the values of a, b, ¢ and d. (2 marks)

Challenge

Expand and simplify (x + y)%.

@ Factorising

You can write expressions as a product of their factors. Expanding brackets

= Factorising is the opposite of expanding brackets. 4x(2X + y) = 8x% + bxy

(x +5)°=x>+15x2+T5x + 125
(X - 2}’) (X = 5}*) = x2— 33(}; — 10};2

Factorising
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Example o | skiLLs JUTHEE

Factorise these expressions completely:

a 3x+9 h x*—5x% ¢ 8x?+ 20x d 9x%y + 15x)”? e 3x?-9xy
a 3x+9=3x+3) - 3 is a common factor of 3x and 9.
by = Byw xiy G x is a common factor of x% and —5x.

4 and x are common factors of 8x2 and 20x,
so take 4x outside the brackets.

c 8x° + 20x=4x(2x + 5) «

3, x and y are common factors of 9x?y and 15x)7,

d 9x2y + 15x12 = 3xv(3x + 5y) »
# } 4 ¢ so take 3xy outside the brackets.

x and =3y have no common factors so this

BJ‘E s 9_,‘ i 3_,-_,"&‘ = 3] .
€ OX ) X y) expression is completely factorised.

" Aquadratic expression has the form w Real numbers are all the positive and
ax? + bx + ¢ where a, b and ¢ are real negative numbers, or zero, including fractions

numbers and a = 0. and surds.

To factorise a quadratic expression:

For the expression 2x? + 5x -3, ac=-6=-1x6
and-1+6=5=5.

» Rewrite the b term as a sum of these S unia o

two factors

» Find two factors of ac that add up to b-

 Factorise each pair of terms - =x(2x-1)+3(2x-1)
» Take out the common factor- = (2x—1)(x + 3)
B - = (x+))(x-)) m An expression in the form x2 — ?

is called the difference of two squares.

Factorise:
a x2-5x-6 b x2+6x+8 ¢ 6x2—11x-10 d x2-25 e 4x2—9y?
3 X2 —5x— G Herea=1,b=-5and ¢ = —6.
. T (1) Find the two factors of ac = —6 which add
R T togiveb=-5.-6+1=-5
) [P i, R | (9 L @ Rewrite the b term using these two factors.
=4 Wx— E)s (3) Factorise the first two terms and the last

two terms.

S— @ x + 1 is a factor of both terms, so take that
outside the brackets. This is now completely
factorised.
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b x*+G6x+ 8
=X+ 2x+4x+ 5+ ac=8and2+4=6=5h.
=x(x+2)+4(x+ 2) Factorise.
=(x+ 2)(x + 4)

c 6x%2-11x-10
=Cx2—15x+4x - 10 ac=-60and 4-15=-11=5.
=3x(2x -5+ 2(2x - 5) Factorise.
=(2x—-5)3x + 2)

d ¥~ 25+ This is the difference of two squares as the two

= x2 - 52 Lerms are x® and 55

=({x+5(x—=5) - The two x terms, 5x and —5x, cancel each other out.
e 4x% - 9y This is the same as (2x)? — (3y)2.

= 22x2 — 32y2

=(2x + 32x — 3y

Factorise completely:

a x’-2x?2 b x3-25x ¢ x4+ 3x2-10x
a x3-2x2=x%x—2)« You can't factorise this any further.
b x3 - 25x= JJI:JJ'; = 2?) . L x is a common factor of x* and —25x,
R F
= x(x* = 5%) so take x outside the brackets.

= x{x + 5l{x=— 5]

4 5 x? — 25 is the difference of two squares.
c X3+ 3x2 —10x=x(x2 + 3x - 10)

= xlx 4+ Blx— 2] »

i

Write the expression as a product of x and a
quadratic factor.

Exercise @ S{IEJ) PROBLEM-SOLVING
—— Factorise the quadratic to get three linear factors.

1 Factorise these expressions completely:

a 4x +8 b 6x-24 ¢ 20x +15

d 2x2+4 e 4x2+20 f 6x>-18x

g x>—T7x h 2x?+4x T

j 6x2-2x k 10y? -5y | | 35— 28%
m x2 4+ 2x n 3y2+2y 0 4x+ 12x

p 57 =20y q 9x)” + 12x%y r 6ab - 2ab’
s Sx?-—25xy t 12x2%y + 8x)? u I5y-20yz2

v 12x7 =30 W X)? — X%y X 12y?—4yx
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2 Factorise:

a x> +4x b 2x?+ 6x ¢ X’+11x+24
d x?+8x+ 12 e x>+ 3x-40 f x>?-8x+12
g X2+5x+6 h x?-2x-24 i x2=3x-10
i xX2+x-20 k 2x+5x+2 I 3x2+10x -8
m 5x2— 16x + 3 n 6x2—8x -8 m
For part m, take 2 out as a common
2 li d 1
0 2v+ix =15 P 2+ 14X+ 24 factor first. For part p, let y = x2.
q x>-4 r x>-49
s 4x2-125 t 9x2-25)? u 36x2-4
v 2x?-50 w 6x?— 10x +4 X 15x2+42x-9
3 Factorise completely:
qxtE Iy b x*-x*+x ¢ Xx°-5x
d x’-9x e x'—x?—-12x f x*+11x%+ 30x
g x’—T7x%+ 6x h x° - 64x i 2% —5x—3x
j 2x°+ 13x%+ 15x k x*-4x 1 3x3+27x%+ 60x

4 Factorise completely x* — y*, (2 marks) Problem-solving

Watch out for terms that can be written as a
function of a function, for example:
x4 = (x2)2,

@ 5 Factorise completely 6x° + 7x? — Sx. (2 marks)

Challenge

Write 4x* — 13x° + 9 as the product of four linear factors.

m Negative and fractional indices

Indices can be negative numbers or fractions. Batioral

= xitizxl=y, numbers are those that

Puaf—
=

XX X

. a
can be written as — where
1 1 1 1 b

. B 1 1
similarly sz % .. X =kntahitnSgay .
: X a and b are integers, and

b+0.

n terms
® You can use the laws of indices with any rational power.

l_m.?'_ -
 ah="Ta CEXD) - ishe

o am="ign positive square root of a.
1 For example: 9 =9 =3,
. M= 1
ar=_ but 9z = 3.
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Simplify:
3 | 3 2 7
X 5 5 T - E ¥ p——— 2x4—=x
i b x xx° ¢ (X%) d 2x!3 +4x~02 e v125x° f e
x3 b Use therulea™ + a"=a™ "
a = X- T\ = XR
X
. This could also be written as vXx.
b xZxxZ=xZ12=x2 L Use the rule @ x a" = am+".
z2 & = _ Use the rule (@) = a™.
e (R EEETIagr G
| 1 | Usetherulea™ +a"=am"".
A5 = —025 — 115025 — 1,175
d 2x'5 + 4x70%5 = 5x15-F0%) = ox 15— (-0.25) = 1.75
e 125x% = (125x9)5 - Using a = "a.
= (125)3(x%)% = VI25(x© *3) = 5x2
¢ 2xc—x  2x¢ X%
x5y x5 x5
T _ — — Divide each term of the numerator by x°.
el B e Ak e
g T T
S Using a =
Example @ m INTERPRETATION
Evaluate:
a 9 b 647 c 493 d 257
. Using am = "Va. Thus, 9 = 9.
a 9:=y9 =3

This means the cube root of 64.

Using am = Va".
This means the square root of 49, cubed.

Lsinga="= s

ﬂﬂ]‘

g adlleopall @ Use your calculator to enter

5 125 negative and fractional powers.
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Given that y = 1—163(‘3, express each of the following in the form Ax”, where k£ and » are constants,

a y% b 4y-!
1 Substitute y = %xa into .
- 1 2
a y@= (Ev)
R B LR i ol E=L 24 _ y2xi
= =x2xi =7 (16) mand{x] X
2
b 4y = 4(57x2) L\
= — 2% (1) — -2
: [ (16) 16 and x X

= 64x~2 2
Problem-solving

Check that your answers are in the correct form.
If k and n are constants they could be positive or
negative, and they could be integers, fractions or

surds.
m PROBLEM-SOLVING
1 Simplify:
a x3+x2 b x°+x ¢ XIxx
d () e (x%): f 3xMxd4x??
g 9x3 =+ 3xs h 5x5+ x3 1, Ax'xlx?
, o (Vx)?
j Vx x x kK (vx) x (¥x) =
VX
2 Evaluate, without using your calculator:
a 25: b 81: ¢ 27:
d 47 e 9 f (=57
g (3) h 12963 P ()
@y k(9 L)
3 Simplify: . , ]
a (64x10) p 2= ¢ (125x12) g S
X o
2x + x? (i 4)% Ox2—15x> S5x + 3x2
¢ : 9" g 3x° . lox
® 4 a Find the value of 817. (1 mark)
b Simplify x(2x —)*. (2 marks)

® 5 Given that y = é—x*", express each of the following in the form kx”, where k& and » are constants.
a y-]T (2 marks)
b 1y-2 (2 marks)
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@ Surds

If n is an integer that is not a square number, then any multiple of vz is called a surd.
Examples of surds are v2, V19 and 5/2.

Surds are examples of irrational numbers. m IFEstionalinumbers cannet e wr tian
The decimal expansion of a surd is never-ending

i in the form £ where a and b are integers.
and never repeats, for example v2 = 1.414213562... b

You can use surds to write exact answers to calculations.

® You can manipulate surds using these rules:

e Jab =Va x b
. fa_va
lllII b 1,"'1b_
Example @
Simplify: 55
a V12 b ' 5 c 5/6 — 2424 + 294
PRS2 Look for a factor of 12 that is a square number.
T fff = 23 Use the rule vab = va x Vb. V& = 2
b V20 I_ v4 x 5 : |— V20 = V4 x 5
= 2 L
Zanls . Va =2
S T Vo
c 5/6 - 224 + /294 —— (ancel by 2.
= 5/6 — 2V6 X v4 + 6 x y49 - I_
=i R 11~ R . O V6 is a common factor.

W -
=/6(®)

— Work out the square roots V4 and v49.

=E —— 5-4+7=8
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EE @ m PROBLEM-SOLVING

Expand and simplify if possible:

a v2(5-13) b 2-3)5+3)

a V2(5 -V3) - V2 x5-V2 x\3
= 5/2 - V23
s 5 = Using va x Vb =ab

b (2 -v3)5 +3) ’_, Expand the brackets completely before you simplify.
= 2(5 +v3) = v3(5 +v3)
=10+ 2/3 -5/3 -9 - Collect like terms: 2v3 — 53 = -3/3
=7 -3/3 [

Simplify any roots if possible: 9 =3

Exercise @ m PROBLEM-SOLVING

Do not use your calculator for this exercise.

1 Simplify:
a 1.12_8 b ‘u.-'?ﬁ C ,_%
d ﬁ.ﬁ e 1.19_0 f E
7 ~
g ‘3 h V20 + 80 i 200 + V18 - V72
j V175 +v63 + 2V28 k 128 - 2/63 +V7 1 V80 —2y20 + 3v45
m 3v80 — 2V20 + 545 n % o VI2 +3/48 +V75
y
2 Expand and simplify if possible:
a V3(2+v3) b V5(3-V3) c V2(4-V5)
d 2-V2)(3+/5) e 2-VY3)3-V7) f (4+V5)2+V5)
g (5-v3)(1-V3) h (4+V/3)2-3) i (7-VID2+V11)
® 3 Simplify V75 — V12 giving your answer in the form a3, where a is an integer. (2 marks)

m Rationalising denominators

If a fraction has a surd in the denominator, it is sometimes useful to rearrange it so that the
denominator is a rational number. This is called rationalising the denominator.

® The rules to rationalise denominators are:

* For fractions in the form 71:, multiply the numerator and denominator by Va.
vd

* For fractions in the form

multiply the numerator and denominator by (a—b).

T F

a+ b

» For fractions in the form multiply the numerator and denominator by (a + b ).

I7—F

a—vy
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Rationalise the denominator:

1 1 V5 +V2 I
- B pp— b C — — d T =
V3 3+2 V5 =2 (1-43)?
a .,T = .,1 a "3 Multiply the numerator and denominator by 3.
i e O (TS
aivei A xv3 = (B)2=3
3
R U - i 1""'2.,} Multiply numerator and denominator by (3 —2).
3+vZ2 (B3 +V2)3 -v2)
= 3 = '1.-2 R 1,.-'7_;__' 5 ‘.-"IE = ¥
9 —-3V2 +3v2 - 2
:3;‘*’2 , 9-2=7,-32+3/2=0

5 +v2 (5 +V2)(/5 + 2 E
3 u.:'55 —+ x-t2 _{»,-E; = a,.-"';}(i-'('5 + ,f.-";;, 2 Multiply numerator and denominator by (/5 +2).

5 +45v2 + V2.5 + 2

5-2 —2v5 and V542 cancel each other out.
_ 7 +2/10 -
- 3 — 52 =10

1 1

d - = - -
(1 - w’SJET (1 =v3)1 —=+v3)

Expand the brackets.
1

“1-/B-B+H - =

% : - Simplify and collect like terms. v9 =3

1
~ BB
aie U (S 2V3) ) Multiply the numerator and denominator by

(4 — 23)(4 + 2V3) (4 +2/3).
!
4 + 2¢3

16+ 8J3 - 8/3 - 12 m
_4+28 _2+43 —— 16-12=4,8/3-8/3=0

4 2
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Exercise @ m ANALYSIS

Do not use your calculator for this exercise.

1 Simplify:
1 1 1 /3
&= b c — i =—
V5 Vi1 V2 V1
V12 V5 12 V7
e — I | S — h g
v48 V80 V156 V63
2 Rationalise the denominators and simplify:
1 1 | 4 1
a — b = c d g
1 +.3 2+45 3—V7 3-V5 V5 -3
3 - w’?f 5 h 5%’5 ; 1 5 v'BT - wﬁ
4-5 B2+ R -7 34411 VBT
K ‘»fﬁ — xrﬁ I w’rﬂ + 5_’2_9 = h’j — v’§
w"ﬁ + xﬁ JH - H.F2_9 '-,f"“JT - \D_
3 Rationalise the denominators and simplify:
| 1 4
- sy == g
(3-v2)? (2+V5)? (3-12)°
3 " 1 ¢ 2
(5 +12)? (5+V2)(3-v2) (5-V3)2 +v3)

o B 25 s .
4 Simplify = _ | Sving your answer in the Problem-solving

V5 -
You can check that your answer is in the correct

form p + ¢/5, where p and ¢ are rational -
form by writing down the values of p and ¢ and

numbers. (4 marks)
checking that they are rational numbers.
Chapter review o m EXECUTIVE FUNCTION
1 Simplify:
a pyxy? b 3x? x2x° ¢ (4x?) + 2x° d 4b% x 3b° x b*

2 Expand and simplify if possible:
a (x+3)(x-95) b 2x-73Bx+1) ¢c 2x+50CBx-y+2)

3 Expand and simplify if possible:
a x(x+4)(x-1) b (x+2)(x-3)(x+7) ¢ 2x+3)(x-2)3x-1)

4 Expand the brackets:
a 35v+4) b S5x’3-5x+2x?) ¢ Sx(2x+3)-2x(1 -3x) d 3x%(1 + 3x) — 2x(3x -2)
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5 Factorise these expressions completely:
a 3x?+4x b 4y + 10y ¢ X2+ xy+ x)? d 8xy’ + 10x%y

6 Factorise:

a x2+3x+2 b 3x% + 6x ¢ x2-2x-35 d 2x2-x-3
e Sx2-13x-6 f 6 -5x—-x2

7 Factorise:

a 2x’ + 6x b x*-36x ¢ 2x*+ 7x* - 15x
8 Simplify:
a 9x3 + 3x73 b (43): ¢ 3x2x2x d 3x3+6x3

9 Evaluate, without using your calculator:

Ly 225}

. (2? b (289)

10 Simplify, without using your calculator:
3

a b v20 + 2/45 - 80

w@

11 a Find the value of 35x2 + 2x — 48 when x = 25.

b By factorising the expression, show that your answer to part a can be written as the product
of two prime factors.

12 Expand and simplify if possible, without using your calculator:

a 2(3+5) b 2-5)G5+V3) ¢ (6-V2)4-V7)
13 Rationalise the denominator and simplify:
P33 .37
a = b ¢ = == L 1
V3 V2 -1 V3 -2 V23 + V37 (2 +3)? 4 — T

14 Do not use your calculator for this question.

a Given that x* — x> = 17x — 15 = (x + 3)(x* + bx + ¢), where b and ¢ are constants,
work out the values of b and c.

b Hence, fully factorise x° — x> — 17x — 15.

® 15 Given that y = éﬂ, express each of the following in the form kx", where & and » are constants.

a y’ (1 mark)

b 4y~ (1 mark)

(E/P) 16 Show that = 2 = can be written in the form Ja + vb, where a and b are integers. (5 marks)
i e ]

® 17 Expand and simplify (V11 — 5)(5 —+11), without using your calculator. (2 marks)

@ 18 Factorise completely x — 64x°. (3 marks)

(E/P) 19 Express 27>+ ! in the form 3, stating y in terms of x. (2 marks)
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20 Solve the equation 8 + xv12 = %
Y
Give your answer in the form av/h, where a and b are integers. (4 marks)

® 21 Do not use your calculator for this question.
A rectangle has a length of (1 +3)cm and area of V12 cm?2.
Calculate the width of the rectangle in cm.
Express your answer in the form ¢ + h/3, where a and b are integers to be found.

(Bl |
@ 22 Show that;ﬂcan be written as 4x—* — 4 + x~. (2 marks)
VX
(E/P) 23 Given that 243,3 = 3«, find the value of a. (3 marks)
. 24 Given that .. ~can be written in the form 4x¢ + x*

write down the Valuc of a and the value of b. (2 marks)

Challenge

a Simplify (Va + vb)(Va - vb).

b Hence show that - : - : - .o+ 1_:4

Jd+2 2+48 B+4 V24 +25

Summary of key points

1 You can use the laws of indices to simplify powers of the same base.

. {Z"*K.{IHZHM“"" o g =gt =gm—n
. (alﬂ]?:! = g . (ﬂ'b)" = a"'b"
2 Factorising is the opposite of expanding brackets.
3 A quadratic expression has the form ax? + bx + ¢ where @, b and ¢ are real numbers and a # 0.
b x*—p=(x+))(x—-y)
5 You can use the laws of indices with any rational power.
. a%:i% ! Hfﬁ:“m
i — % s HD =1
6 You can manipulate surds using these rules:
'FEZVEXJE . !Ez@
6~

T The rules to rationalise denominators are:

« For fractions in the form %, multiply the numerator and denominator by va.
a

= multiply the numerator and denominator by (a — vb).
a+v

« For fractions in the form

L = multiply the numerator and denominator by (a + vb ).
i

« For fractions in the form
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Learning objectives
After completing this chapter you should be able to: /
® Solve quadratic equations using
factorisation, the quadratic formula K / r
and completing the square - pages 19-24 S g

Read and use f(x) notation when
working with functions - pages 25-27 §

Sketch the graph and find the turning
point of a quadratic function - pages 27-30

Find and interpret the discriminant
of a quadratic expression -» pages 30-32

Prior knowledge check a

1 Solve the following equations:
a 3x+6=x-4 b 5(x+3)=6(2x-1)
€ 437 = 110 d (x —8)>=64
<« International GCSE Mathematics
Factorise the following expressions:
a x>+8x+15 b x>+3x-10
¢ 3x2-14x-5 d x?— 400 « Section1.3

Sketch the graphs of the following equations,
labelling the points where each graph crosses
the axes:

a y=3x-6 b y=10-2x
C x+2y=18 diy=sx"

« International GCSE Mathematics F=p, " & Quadratic functions are used to model
Solve the following inequalities: projectile motion. Whenever an object
a x+8<11 b2x-5=13 is thrown or launched, its path will
C 4x-7T=2(x-1) dsi-x<l11 approximately follow the shape of a

<« International GCSE Mathematics S parabola.
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@ Solving quadratic equations

A quadratic equation can be written in the form ax’ + bx + ¢ = 0, where ¢, b and ¢ are real
constants, and ¢ # 0. Quadratic equations can have one, two, or no real solutions.

= To solve a quadratic equation by factorising: m The solutions to an
+ Write the equation in the form ax? + bx+c¢=0 equation are sometimes called
- Factorise the left-hand side the roots of the equation.

+ Set each factor equal to zero and solve to find the value(s) of x

Example o ELURE R CRITICAL THINKING —— Factorise the quadratic. « Section 1.3

Solve the following equations: ~ Ifthe product of the factors is zero, one of the

a x2=-2x-15=0 b =9y factors must be zero.

¢ 6x°+13x-5=0 d x*-5x+18=2+3x
m The symbol = means ‘implies that"

a x?-2x-15=0 This statement says 'If x + 3 =0, then x = -3".
X+ 3)x -5 =0 -

Then either x + 3 =0=x=-3 -
or Fh e G e
S0 x = -3 and x = 5 are the two solutions

A quadratic equation with two distinct factors
has two distinct solutions.

LEVOEINS The signs of the solutions are

of the equation. »

a ¥2 = Oy opposite to the signs of the constant terms in
S T each factor.
X(x —9)=0 »
T G Be careful not to divide both sides by x, since x

— may have the value 0. Instead, rearrange into the
form ax® + bx + ¢ =0.

or i =l =y =g
The solutions are x = Q and x = 9.

= Extx 13xy—50=0 —— Factorise.
Bx-=-1N2x+5)=0-
Then either 3x - 1=0=x= rJ . L Factorise.
or 2X+5=0=x==
The solutions are x = 3 and x = -3 Solutions to quadratic equations do not have to
d xZ=-5x+186=2 + 3x be integers.
W2 my i E.= s — The quadratic equation (px + ¢)(rx + s) = 0 will
(x-—4)(x-4)=0-. have solutions x = -f—q} and x = -%.
Then either x =4 =0=x=4
or e | Rearrange into the form ax? + bx + ¢ = 0.
g

—— Factorise.

m When a quadratic equation has

exactly one root it is called a repeated root. You
can also say that the equation has two equal roots.
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In some cases it may be more straightforward to solve a quadratic equation without factorising.

Solve the following equations: m
a (2x—3)2=25 bl By The symbol + lets you write tw:a
statements in one line of working. You say ‘plus or
minus’,
a (2% = 3 =25
Hend = Rl | Take the square root of both sides.
2x=3%£5. Remember 52 = (-5)2 = 25,
Theneither2x =3 4+ 5= x=4
or 2Xi=3 =10 =Xl _— Add 3 to both sides.
The solutions are x = 4 and x = -1
b (x=3F=7 = Take the square root of both sides.
x=3==+/7
x=3 %7
The solutions are x = 3 + 7 and
X =3 =] o You can leave your answer in surd form.

Exercise @ m PROBLEM SOLVING

1 Solve the following equations using factorisation:
a x2+3x+2=0 b x2+5x+4=0 c xX2+7x+10=0 d x2-x-6=0
e x2-8x+15=0 f x2-9x+20=0 g x2-5x-6=0 h x2-4x-12=0

2 Solve the following equations using factorisation:
a x2=4x b #=25x ¢ 3% =6x d 5x>=30%

e 2x2+7x+3=0 f 6x2-7x-3=0 g 6x2-5x-6=0 h 4x2-16x+15=0

3 Solve the following equations:

a 3xt+S5x=2 b 2x-3)2=9 ¢c (x-72=36 d 2x2=8 e 3x2=5
f (x-3)2=13 8 (3p=1P=1l h 5x2 - 10x2=-7 + x + x2
i 6x2-T7=1lx j 4x2+17x=6x —2x?

Problem-solving

: 2
4 This shape has ﬂtl_l area of 44 m”. —xm—> x Divide the shape into two sections:
Find the value of x.

(x+ 3)m

.
| l

«—Jyxm—

® 5 Solve the equation 5x + 3 =V3x + 7.
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Some equations cannot be easily factorised. You can also solve quadratic equations
using the quadratic formula.

" The solutions of the equation m You need to rearrange the equation
ax® + bx + ¢ = 0 are given by the formula: into the form ax? + bx + ¢ = 0 before reading off
-b+b? - hac the coefficients.
X =
2d

M In ax? + bx + ¢ = 0, the constants
Example o CIED INTERPRETATION a, b and ¢ are called coefficients.

Solve 3x? — 7x —1 = 0 by using the quadratic formula.

24F —= Tx—d =l a=3,b=-Tandc=-1
=) = C77 — 4B)I=))
it Ex3 ~ Put brackets around any negative values.

7 =x V49 + 12

- G . -4 x3x(-1)=+12

7 = /61
=
6 I ¥

Then x = Z+£61 Q= i _61':6—"

Qe x =247 13 sk) or x=—100135 (3 aF)

SKILLS INTERPRETATION

1 Solve the following equations using the quadratic formula.
Give your answers exactly, leaving them in surd form where necessary.

a x2+3x+1=0 b x2-3x-2=0 c X2+6x+6=0 d x2-5x-2=0
e 3x2+10x-2=0 f 4x>—-4x-1=0 g 4x2-Tx=2 h 11x2+2x-7=0

2 Solve the following equations using the quadratic formula.
Give your answers to three significant figures.

a X2+4x+2=0 b x>-8x+1=0 ¢c X2+11x-9=0 d X>?-7x-17=0
e 5x2+9x-1=0 f 2x2-3x-18=0 g 3x2+8=16x h 2x2+ 11x=5x>-18

3 For each of the equations below, choose a suitable method and find all of the solutions.
Where necessary, give your answers to three significant figures.

a xX>+8x+12=0 b x2+9x-11=0

¢c ¥2=0x—-1=0 d 72% 549 =0 @ You can use any method
3 : 3 you are confident with to solve

e 2x+8)y=100 f 6x2+6=12x these equations.

g 2T ={x h x= v8x-15
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4 This trapezium has an area of 50 m2.
Show that the height of the trapezium is equal to 5(v/5 — 1) m.

= XImn—»
Problem-solving

2xm Height must be positive. You will have to discard
l the negative solution of your quadratic equation.

«— (x+ 0)m——>

Challenge m Write the equation in the form

ax® + bx + ¢ = 0 before using the quadratic

Given that x is positive, solve the equation formula or factorising.

1 1 28

x x+2 195

@ Completing the square

It is frequently useful to rewrite quadratic expressions by completing the square:

b\2 (b\2
= b= (x+3) - (3) | b N
You can draw a diagram of this process i
when x and b are positive: = — &
The original rectangle has been rearranged into the <«——x——<b~> X b
shape of a square with a smaller square missing. .
The two areas shaded blue are the same. 2 + bx - (x £ %)2 e (g)z

EXRmpie o m A quadratic expression in the form

2 plx+ g)% + r where p, g and r are real constants is
Complete the square for the expressions: in completed square form.

a x2+ 8x b x?-3x ¢ Tpi—12%

Begin by halving the coefficient of x.

Y2 4+ By =1{x+ S, [
a x*+0x=(x+4F -4 Using the rule given above,h:ﬁso%ﬂl

= (x + 42 - 16
y 31y 2 EAY= 2
b =3x=x= "é') - {E] — Be carefulif%isafraction. Here (%) =3—2=%.
y 2
- (v-3 -3

Here the coefficient of x2 is 2, so first take out a
factor of 2. The other factor is in the form (x2 + bx)

o i P R el s

= 2((x - 3 - 39) so you can use the rule to complete the square.
= 2((x — 3)* - 9)
=2(x - 3)2 - 18 - Expand the outer bracket by multiplying

2 by 9 to get your answer in this form.
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maxl+bx+c= a(x+i)z+(c E)

2d  4a
HET ]G o

Write 3x2 + 6x + 1 in the form p(x + ¢)? + r, where p, ¢ and r are integers to be found.

Watch out is i i :
SraL Ty - This is an expression, so you can't
divide every term by 3 without changing its value.

i 2 a2

o e Instead, you need to take a factor of 3 out of
=3((x+ 12 -1 + 1 322 4 6.

=3x+1° -3+ 1

=3x+12-2 You could also use the rule given above to

complete the square for this expression, but it is
op=3,g=landr=-2 safer to learn the method shown here,

Exercise @ (S'{/NE:3) INTERPRETATION
CExercise Q] suLs 3 €T 1 esionss

write the expression as
—4x% = 16x + 10 then
take a factor of —4 out
of the first two terms
to get —4(x? + 4x) + 10.

sy

1 Complete the square for these expressions:

a x2+4x b x? - 6x c x2—-16x d xX*+x e x2- 14x

2 Complete the square for these expressions:
a 2x2+16x b 3x2-24x ¢ 5x2+20x d 2x2-5x e 8x-—2x?

3 Write each of these expressions in the form p(x + ¢)* + r, where p, g and r
are constants to be found:

a 2x2+8x+1 b 5x2—-15x+3 ¢ 3x2+2x-1 d 10-16x—4x2 e 2x—-8x2+10
® 4 Given that x2 + 3x + 6 = (x + a)* + b, find the values of the constants ¢ and b. (2 marks)

® 5 Write 2 + 0.8x — 0.04x% in the form 4 — B(x + C)?, where 4, B and C are
constants to be determined. (3 marks)

Example o SKILLS ZJITINE

Solve the equation x? + 8x + 10 = 0 by completing the square.
Give your answers in surd form.

X2 +8x+10=0 - Check coefficient of x2 = 1.
x% + 8x =-10 -« Subtract 10 to get the LHS in the form x? + bx.
(x + 4) — 42 = =10 Complete the square for x? + 8x.
(x+42=-10+16 - Add 4% to both sides.
(x + 4% =
x+4 =16 - Take the square root of both sides.
x=-4 %6 - Subtract 4 from both sides.

S0 the solutions are

X==4+v6 and x = -4 - VG, - Leave your answer in surd form.
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Solve the equation 2x2 — 8x + 7 = 0. Give your answers in surd form.

- Problem-solving
2xc—-86x+7=0

This is an equation so you can divide every term

- ry
X =4x+5=0
= by the same constant. Divide by 2 to get x* on its

|

X2 - 4;1* = —g own. The right-hand side is 0 so it is unchanged.
{-Y*QJE“25=—§= L
- 22 =L
(x - 28 = 2 £ Complete the square for x2 — 4x.
(x - 2P =3
s i'h'% Add 22 to both sides.

,.
I

M

I+
S
— |

Take the square root of both sides.

So the roots are

—— Add 2 to both sides.

@ Use your calculator to check
solutions to quadratic equations quickly. '

1 Solve these quadratic equations by completing the square. Leave your answers in surd form.
a x>2+6x+1=0 b x2+12x+3=0 ¢ X2+4x-2=0 d xX2—-10x=5

_x‘=2+l—.‘fj—ar1d.x‘=2--%2.

2 Solve these quadratic equations by completing the square. Leave your answers in surd form.
a 2x2+6x-3=0 b 5x>+8x-2=0 ¢ 4x2-x-8=0 d 15-6x-2x2=0
® 3 x2-14x+1=(x+p)*+ g, where p and ¢ are constants.
a Find the values of p and g. (2 marks)

b Using your answer to part a, or otherwise, show that the solutions to the equation
x2 = 14x + 1 = 0 can be written in the form r + 5/3, where r and s are constants
to be found. (2 marks)

4 By completing the square, show that the solutions to Problem-solving

the equation x? + 2bx + ¢ = 0 are given by the formula
¥==hEyb~—¢ (4 marks)

Challenge

a Show that the solutions to the equation

ax? + 2bx + ¢ = 0 are given by x = - g + b* —zﬂf_ m Start by dividing the whole
a equation by a.

Follow the same steps as you would
if the coefficients were numbers.

b Hence, or otherwise, show that the solutions to the

equation ax? + bx + ¢ = 0 can be written as 20LEY You can use this method to
—b +Vb? - hac prove the quadratic formula.

o 2 : « Section 2.1
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@ Functions

A function is a mathematical relationship that maps each value of a set of inputs
to a single output. The notation f(x) is used to represent a function of .

® The set of possible inputs for a function is called the domain. Domain f3) =9 Range
® The set of possible outputs of a function is called the range.

This diagram shows how the function f(x) = x> maps
five values in its domain to values in its range.

® The roots of a function are the values of x for which f(x) =0

The functions f and g are given by f(x) = 2x — 10
and g(x)=x" -9, x e R.

If the input of a function,

X, can be any real number, then the

a Find the values of f(5) and g(10). domain can be written as x € R.
b Find the value of x for which f(x) = g(x). The symbol € means ‘is a member
of” and the symbol R represents the
af(5)=25)-10=10-10=0-. set of real numbers.
g(10) = (10)2 = 2 =100 = 2 = 91 \\
b {6 Bl s o To find f(5), substitute x = 5 into the function f(x).

2% =0 = X =8
X2 —-2x+1=0
e =i

X = =

—— Set f(x) equal to g(x) and solve for x.

Ll x =1is a repeated root,

The function f is defined as f(x) = x2+ 6x - 5, x € R.
a Write f(x) in the form (x + p)* + ¢.
b Hence, or otherwise, find the roots of f(x), leaving your answers in surd form.

¢ Write down the minimum value of f(x), and state the value of x for which it occurs.

a fx)=x2+6x-5 ]
BT Co;ng.l'ete t'he ﬁuir: for x% + ?A
—x+32-14 | and then simplify the expression.
b f(x) =0 . To find the root(s) of a function, set it equal to zero.
ey 2 —14=0
(x + 3)° = 14 .. | You can solve this equation directly. Remember to
x+ 3 =214 write + when you take square roots of both sides.
b B 1.,14

f(x) has two roots:
-3 + 14 and -3 - V14.
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c x+3PF=0- A squared value must be greater than or equal to 0.

So the minimum value of f(x) is —14.
This occurs when (x + 3¢ = O,
: :} (x+3)=0s0(x+3)°-14=-14

so when x = =3,

Find the roots of the function f(x) = x° + 7x3 - 8, x € R.

fx) = 0 Problem-solving

g Rl - QL f(x) can be written as a function of a function.
’ The only powers of x in f(x) are 6, 3 and 0 so you
.3\2 3y _ e =
e == can write it as a quadratic function of x3.
(xX3=-1Nx*+8)=0-

Sox*>=1orx®>=-56 Treat x° as a single variable and factorise.
=] ==

3==-8=x=-2 Solve the quadratic equation to find two values
for x? then find the corresponding values of x.

The roots of f(x) are 1 and —2.

Alternatively, let u = x3. You can simplify this working with a substitution.
fx)=xc+7x3-86
= (x3)2 + 7(x%) - &
L, Replace x* with u then solve
the quadratic equation in .

=Ww-Nu+ 8)
Sowhenf(x) =0, u=10oru=-5

[Pl = =5 a1 = 5s]
. LCUOET® The solutions to the quadratic
fu=-8=x"=-8=x=-2 equation will be values of u. Convert back to

The roots of f(x) are 1 and —2. values of x using your substitution.

SKILLS INTERPRETATION

1 Using the functions f(x) = 5x + 3, g(x) = x> — 2 and h(x) = vx + 1, find the values of:

a f(1) b (3) ¢ h(®) d f(1.5) e 2(\2)
4
f h(-1) g f(4)+g(2) h f(0) + (0) + h(0) i %

® 2 The function f(x) is defined by f(x) = x* - 2x, x € R. Problem-solving

Given that f(a) = 8, find two possible values for a. L Ty

: , - t the resulti | lio 3
3 Find all the roots of the following functions: coallai UL i L s

a f(x)=10-15x b g(x)=(x+9)(x-2) ¢ h(x)=x+6x-40
d j(x)=144 - X2 e k(x)=x(x+5)(x+7) f m(x)=x%+5x2-24x
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4 The functions p and q are given by p(x) = x* = 3x and q(x) = 2x - 6, x € R.
Find the two values of x for which p(x) = q(x).

5 The functions f and g are given by f(x) = 2x° + 30x and g(x) = 17x%, x € R.
Find the three values of x for which f(x) = g(x).

® 6 The function f is defined as f(x) = x2 - 2x + 2, x € R.
a Write f(x) in the form (x + p)* + ¢, where p and ¢ are constants to be found. (2 marks)

b Hence, or otherwise, explain why f(x) > 0 for all values of x, and find the
minimum value of f(x). (1 mark)

7 Find all roots of the following functions:

a f(x)=x5+9x°+8 b g(x)=x*—12x2+ 32 €D e functionin
¢ h(x)=27x°+ 26x° - 1 d j(x)=32x1"-33x>+ 1 part b has four roots.
e k(x)=x-7/x+10 f m(x)=2x3+2x37—12

8 The function f is defined as f(x) = 3>* = 28(3¥) + 27, x € R. ;
Problem-solving

a Write f(x) in the form (3* — a)(3* - b),
where ¢ and b are real constants, (2 marks)

b Hence find the two roots of f(x). (2 marks)

m Quadratic graphs

When f(x) = ax? + bx + ¢, the graph of y = f(x) has a curved shape called a parabola.

Consider f(x) as a
function of a function.

You can sketch a quadratic graph by identifying key features.
The coefficient of x* determines the overall shape of the graph.
When « is positive, the parabola will have this shape: \(/

When « is negative, the parabola will have this shape: /"\

@ The graph crosses the y-axis when x = 0.
YA The y-coordinate is equal to c. VA

@ The graph crosses the x-axis when y = 0.
@ The x-coordinates are roots of the function f(x). @

(3) Quadratic graphs have one turning point.
This can be a minimum or a maximum.
Since a parabola is symmetrical, the turning

: -
0 @V@ ] point and line of symmetry are half-way @[ 0 \@*’L
@ between the two roots.
® You can find the coordinates of the turning point Thegrachof =l ot q s
of a quadratic graph by completing the square. N translatiuﬁ nfthe é:‘;ph of A
If f(x) = a(x + p)? + g, the graph of y=f(x) has a ; —p _
turning point at (-p, g). L=y ( q ) 7 Section 4.4
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EE @ m INTERPRETATION

Sketch the graph of y = x> — 5x + 4, and find the coordinates of its turning point.

Use the coefficient of x2 to determine the

As a = 1 is positive, the graph has a \/
general shape of the graph.

shape and a minimum point.

When x = O, y = 4, so the graph crosses
the y-axis at (O, 4).

When y = O,
X2 -5x+4=0
x-Nx-4)=0-.

x =1 or x =4, so the graph crosses the
x-axis at (1, O) and (4, Q).

Completing the square: .
. r 5\2 25
X2 -5x+4=(x-2)"-=2+4
52 9
=)
So the minimum point has coordinates

5 _9
(% & E)- If you use symmetry to find the

Alternatively, the minimum occurs when x-coordinate of the minimum point, you need to
x is half-way between 1 and 4, substitute this value into the equation to find the

y-coordinate of the minimum point.

This example factorises, but you may need to use
the quadratic formula or complete the square.

Complete the square to find the coordinates of
the turning point.

_1+4 _5
50 X = — =

=) -5x(3)+4=-2

)

bW

50 the minimum has coordinates (‘E, -

The sketch of the graph is:

AV

You could use a graphic calculator or substitute
some values to check your sketch.

WhEﬂx:S,y=52-5x5+fL=fl.

9] x N
m Explore how the graph of O
(i & 9) y = (x + p)* + ¢ changes as the values

2° 4 of p and ¢ change using technology.

=Y
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Sketch the graph of y = 4x — 2x? — 3. Find the coordinates of its turning point and write down the
equation of its line of symmetry.

As a = =2 is negative, the graph has a /\
shape and a maximum point. [

It's easier to see that ¢ << 0 if you write the

When x = O, y = =3, so the h —
1 » J = rer equation in the form y = —2x2 + 4x - 3.

crosses the y-axis at (O, —3).
When y = O,
-2x2+4x -3 =0.

Using the quadratic formula,

i) a2 [—2)f—
o 41";4 4-. 2;”.’ 3.]1_ H=—2,b=fl-and-f=—3
2 x (-2)
L=tk V=8
e _4 You would need to square root a negative number
There are no real solutions, so the graph — to evaluate this expression. Therefore this

does not cross the x-axis equation has no real solutions.

Completing the square:
i e o > R

=—2(x-2x)— 3 The coefficient of x?is =2, so take out a factor of =2.
2Mx =12 =1 =3

2lx—1F+2-3

==2(x =12 =1

So the maximum point has coordinates
(1 =1,

The line of symmetry is vertical and goes
through the maximum point. It has the
equation x = 1.

VA

>
= (1, 1) % LGLUEINS A sketch graph does not need to be

plotted exactly or drawn to scale. However you
should:
® draw a smooth curve by hand
e identify any relevant key points
(such as intercepts and turning points)
e label your axes.
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Exercise @ m ANALYSIS

1 Sketch the graphs of the following equations. For each graph, show the coordinates of the point(s)
where the graph crosses the coordinate axes, and write down the coordinates of the turning point
and the equation of the line of symmetry.

a y=x>-6x+8 b y=x>+2x-15 0 =2 =t d y=x>+3x+2
e y=-x"+6x+7 f y=2x"+4x+10 g py=2x2+7x-15 h y=6x>-19x+ 10
i y=4-Tx-2x* j y=05x2+0.2x+0.02

2 These sketches are graphs of quadratic functions of the form ax® + bx + c.

Find the values of a, b and ¢ for each function.
Problem-solving

Check your answers

by substituting values
into the function. In
part ¢ the graph passes
through (0, —18), so h(0)
N\ X should be —18.

b VA

10

5l
T

» = h(x)

-18

3 The graph of y = ax? + bx + ¢ has a minimum at (5, —3) and passes through (4, 0).
Find the values of a4, b and c. (3 marks)

@ The discriminant

If you square any real number, the result is greater than or equal to 0.
This means that if y is negative, |y cannot be a real number. Look at the quadratic formula:

W If the value under the square root sign is negative, x cannot be

-b +vb% - bac :

X = a real number and there are no real solutions. If the value under
2a the square root is equal to 0, both solutions will be the same.

® For the quadratic function f(x) = ax? + bx + ¢, the expression b? — 4ac is called the discriminant.
The value of the discriminant shows how many roots f(x) has:

e |If b2 — 4ac > 0 then f(x) has two distinct real roots.
» If b — 4ac =0 then f(x) has one repeated root.
e |If b2 — 4ac < 0 then f(x) has no real roots.
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You can use the discriminant to check the shape of sketch graphs.

Below are some graphs of y = f(x), where f(x) = ax? + bx + c.

Y

=Y

a=0 0

\
W

b2 —4ac >0
Two distinct real roots

VA

a < 0 / \x

Example @ m PROBLEM SOLVING

Vi Vi
>
0 X 0 X
b? —4ac=0 b? —4ac <0
One repeated root No real roots
VA YA

i

=¥
=Y

Find the values of k for which f(x) = x2 + kx + 9 has equal roots.

X4+ kx+9=0
Flepaar= L b =kand g="2

For equal roots, b = 4ac = O.
K= ki xs =0

Problem-solving

Use the condition given in the question to write a
statement about the discriminant.

Substitute for @, b and ¢ to get an equation with

one unknown.

k2=36=0
k? = 36
so k = 6 -

- Solve to find the values of k.

Find the range of values of k for which x? + 4x + k = 0 has two distinct real solutions.

x2+4x+ k=0
FlerE:a = 1: & s g ool

For two real solutions, b2 — 4ac > O.
42 — 4 x1x k>0

16 -4k >0

16 > 4k

4 >k

This statement involves an inequality,
so your answer will also be an inequality.

For any value of k less than 4, the equation will
have two distinct real solutions.

N
w Explore how the value of

Sok<4-

the discriminant changes with k using
technology.
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Exercise m INTERPRETATION

a Calculate the value of the discriminant for each of these five functions:

i f(x)=x>+8x+3 i gx)=2x2-3x+4 iii h(x)=-x2+7x-3

iv j(x)=x>-8x+16 v k(x)=2x-3x2-4

b Using your answers to part a, match the same five functions to these sketch graphs.

Ly

i iii 74 s ¥ & v 4
0

0
=
} 0 X 0

2 Find the values of k for which x? + 6x + k = 0 has two real solutions.
3 Find the value of ¢ for which 2x? — 3x + ¢ = 0 has exactly one solution.
4 Given that the function f(x) = sx2 + 8x + s has equal roots, find the value

of the positive constant s.
5 Find the range of values of k for which 3x? - 4x + k = 0 has no real solutions.
6 The function g(x) = x2 + 3px + (14p — 3), where p is an integer, has two equal roots.

a Find the value of p.

b For this value of p, solve the equation x? + 3px + (14p — 3) = 0.

7 h(x) = 2x2 + (k + 4)x + k, where k is a real constant. Problem-solving

o
X

(2 marks)
(2 marks)

(2 marks)
(2 marks)

(2 marks)
(2 marks)

a Find the discriminant of h(x) in terms of k. (3 marks) |f a question part says ‘hence or

b Hence or otherwise, prove that h(x) has two distinct otherwise’ it is usually easier to use your
real roots for all values of k. (3 marks) answer to the previous question part.

Challenge

a Prove that, if the values of @ and ¢ are given and non-zero, it is always possible to choose

a value of b so that f(x) = ax? + bx + ¢ has distinct real roots.

b Is it always possible to choose a value of b so that f(x) has equal roots? Explain your answer.
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Chapter review e ({{[NE EXECUTIVE FUNCTION

® O

1

10

Solve the following equations without a calculator. Leave your answers in surd form
where necessary.

a y”+3y+2=0 b 3x2+13x-10=0
¢ 5x2-10x=4x+3 d 2x-52%=7

Sketch graphs of the following equations:
a y=x2+5x+4 b y=2x2+x-3
¢ y=6-10x—4x? d y=15x-2x2

f(x) = x2+ 3x — 5 and g(x) = 4x + k, where k is a constant.
a Given that f(3) = g(3), find the value of k.
b Find the values of x for which f(x) = g(x).

Solve the following equations, giving your answers correct to 3 significant figures:
a K2+11k-1=0 b 2F-5t+1=0
¢ 10-x-x?=7 d Gx-1yY=3-x°

(3 marks)
(3 marks)

Write each of these expressions in the form p(x + ¢)* + r, where p, ¢ and r are constants to

be found;:
a x2+12x-9 b 5x?-40x+ 13
¢ 8x — 2x? d 3x2—-(x+1)°

Find the value k for which the equation 5x? — 2x + k = 0 has exactly one solution.

Given that for all values of x:
32+ 12x+S5=p(x+q)> +r
a find the values of p, g and r.

b Hence solve the equation 3x2 + 12x + 5= 0.

The function f is defined as f(x) = 2% - 20(2¥) + 64, x € R.
a Write f(x) in the form (2 — a)(2¥ — b), where a and b are real constants.

b Hence find the two roots of f(x).
Find, as surds, the roots of the equation 2(x + 1)(x = 4) = (x - 2)> = 0.

Use algebra to solve (x — I)(x + 2) = 18.

(2 marks)

(3 marks)
(2 marks)

(2 marks)
(2 marks)
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11 A diver launches herself off a springboard. The height of the diver, in metres,
above the pool ¢ seconds after launch can be modelled by the following function:

h(r)=5t-10/2+10,t=0
a How high is the springboard above the water? (1 mark)
b Use the model to find the time at which the diver hits the water. (3 marks)

¢ Rearrange h(¢) into the form 4 — B(r — C)? and give the values
of the constants 4, Band C. (3 marks)

d Using your answer to part ¢, or otherwise, find the maximum height
of the diver, and the time at which this maximum height is reached. (2 marks)

12 For this question, f(x) = 4kx? + (4k + 2)x + 1, where k is a real constant.

a Find the discriminant of f(x) in terms of k. (3 marks)
b By simplifying your answer to part a, or otherwise, prove that f(x)
has two distinct real roots for all non-zero values of £. (2 marks)
¢ Explain why f(x) cannot have two distinct real roots when k = 0. (1 mark)
13 Find all of the roots of the function r(x) = x®* — 17x* + 16. (5 marks)

Challenge

a The ratio of the lengths a: b in this line is the same as the ratio
of the lengths b: c.

=« ol »>
L = -

«— b e ¢ »

+5

> il

Show that this ratio is L

b Show also that the infinite square root

T e =1+2‘/§.
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Summary of key points

1 To solve a quadratic equation by factorising:
» Write the equation in the formax? + bx + ¢ =0
« Factorise the left-hand side

« Set each factor equal to zero and solve to find the value(s) of x

2 The solutions of the equation ax? + bx + ¢ = 0 where a # 0 are given by the formula:

o —b +b% - bac
2a
3 x2+bx=(x+%)z—(%)2
4 ax2+bx+c=a(x+;—a)2+(c—%)

5 The set of possible inputs of a function is called the domain.
The set of possible outputs of a function is called the range.

6 The roots of a function are the values of x for which f(x) = 0.

7 You can find the coordinates of a turning point of a quadratic graph by completing
the square. If f(x) = a(x + p)? + ¢, the graph of y = f(x) has a turning point at (—p, g).

8 For the quadratic function f(x) = ax® + bx + ¢ = 0, the expression b? — 4ac is
called the discriminant. The value of the discriminant shows how many roots f(x) has:
o If b* —4ac > 0 then the quadratic function has two distinct real roots.
o If b2 - 4ac =0 then the quadratic function has one repeated real root.

o If b2 —4ac < 0 then the quadratic function has no real roots.
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AND INEQUALITIES -

Learning objectives PN

After completing this chapter you should be able to:
® Solve linear simultaneous equations using elimination or substitution
—» pages 37-38
Solve simultaneous equations: one linear and one quadratic
-» pages 39-40
Interpret algebraic solutions of equations graphically -» pages 40-43
Solve linear inequalities - pages 44-46
Solve quadratic inequalities - pages 44-49
Interpret inequalities graphically - pages 49-51
Represent linear and quadratic inequalities graphically =~ — pages 51-53

Prior knowledge check

1 A= {faciarrs of 12}
= {factors of 20}

Write down the
numbers in each
of these sets:
a ANBAB b (A4UB)
« International GCSE Mathematics

Simplify these expressions.

a /75 vao +5v38 « Section 1.5

Match the equations to the correct graph. Label the points
of intersection with the axes and the coordinates of the
turning point.

a y=9-x° by=(x-22+4

C y=(x-7)(2x+5)

i

g Food scientists use regions

. on graphs to optimise

‘ \ '~ athletes’ nutritional intake
and ensure they satisfy
the minimum dietary

requirements for calories and
« Section 2.4 vitamins.
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m Linear simultaneous equations

Linear simultaneous equations in two unknowns have one set of values that will make a pair of
equations true at the same time.

The solution to this pair of simultaneous equationsisx=5, y = 2:

x+3y=11 (1) 5+3(2)=5+6=11¢

Ltx-5p=10  (2)- 4(5)-5() =20-10=10 v

= Linear simultaneous equations can be solved using elimination or substitution.

Example o EXIEY crimcaL THininG

Solve the simultaneous equations:

a 2x+3y=8 b 4x-5y=4
Ix—y=23 6x + 2y =25
First look for a way to eliminate x or y.
g St al=e (1) — Multiply equation (2) by 3 to get 3y in each equation.
3x-y=23 (2) -
9x — 3y = 69 (3) . Number this new equation (3).
Ma= 7y
_ - L Then add equations (1) and (3), since the 3y terms
S have different signs and y will be eliminated.
1 =8
SRS L Substitute x = 7 into equation (1) to find y.
3y=6-14
y=-2 — Remember to check your solution by substituting
The solutionis x = 7, y = =2 into equation (2).3(7) = (-2) =21+2=23 v

Note that you could also multiply equation (1)
by 3 and equation (2) by 2 to get 6x in both
equations. You could then subtract to eliminate x.

b 4x-5y=4

Multiply equation (1) by 3 and multiply equation (2)

(
ex + 2y =25 (2) by 2 to get 12x in each equation.
12x =15y =12 (3)
12x + 4y = 50 (4)
_19y = -38. {S;;t}:a;;istlir::;the 12x terms have the same sign
=
4x =10 =4 Substitute y = 2 into equation (1) to find x.
4x = 14
X = 3-.;-

The solution is x = 3-;-._ ==
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Solve the simultaneous equations:

2x-y=1
4x + 2y =-30
Rearrange an equation, in this case equation (1),
ex— =il (1) ;
—ala el elthier v =gl =" llicle ="}
4x + 2y = =30 (2)
y=2x—1-¢ Substitute this into the other equation (here into

— equation (2) in place of y).

4x + 2(2x — 1) = =30+

—— R CE R I
Ax + 4x — 2 = =30
B SR Substitute x = —37 into equation (1) to find the
x=-3L. value of y.

'=2(-33) - 1=-8"
> 2 1 Remember to check your solution in equation (2).
The solution j&:x = =33, = -0 4(-35) +2(-8) =—14 - 16 = -30 v/

Exercise @ m PROBLEM SOLVING

1 Solve these simultaneous equations by elimination:

al2x—-y=6 b 7x+3y=16 ¢ Sx+2y=6
4x + 3y =22 2x+9y =29 3x — 10y =26

d 2x-y=12 e 3x-2y=-6 f 3x+8y=33
6x + 2y =21 6x +3y=2 6x=3+5y

2 Solve these simultaneous equations by substitution:

a x+3y=11 b 4x-3y=40 ¢ Ix—-ypy=17 d 2y=2x-3

4x -Ty=6 2x+y=25 10x + 3y=-2 Jy=x-1
3 Solve these simultaneous equatizﬂns.: @ First rearrange
x =2y e
a 3:]‘: e 2}} i 5 . 0 b '} s 4 c 3y = S(x_ i 2) both EquatIDHS Into
3 the same form,
S(x+yp)=6(x+1) 2x+3y+4=0 I(x-1D+y+4=0 eg. ax+bhy=c.
4 3x+ky=8

x—2ky=5 Problem-solving

are simultaneous equations where & is a constant. k is a constant, so it has the

a Show that x = 3. (3 marks) same value in both equations.

b Given that y = %, determine the value of 4. (1 mark)

5 2x-py=>5

4x +5y+¢g=0

are simultaneous equations where p and ¢ are constants.

The solution to this pair of simultaneous equationsis x =¢, y = —1.

Find the value of p and the value of g¢. (5 marks)
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@ Quadratic simultaneous equations

You must be able to solve simultaneous equations where one equation is linear and one is quadratic.

To solve simultaneous equations involving one linear equation and one quadratic equation,
you need to use a substitution method from the linear equation into the quadratic equation.

= Simultaneous equations with one linear and one quadratic equation can have up to two pairs
of solutions. You need to make sure the solutions are paired correctly.

The solutions to this pair of simultaneous equationsare x =4, y=-3 and x=5.5, y=-1.5:

x-y=1 (1)
yE +Xxy+2x=5 (2) * 4-(-3)=7v andb55-(-15)=7v

L -3+ (@A)(-3)+2(4)=9-12+8=5v and

ENTE o (152 + (5.5)(-1.5) + 2(5.5) =2.25- 825+ 11 =5V

Solve the simultaneous equations: : : :
The quadratic equation can contain terms

XHIY=3 — involving y2 and xy.
x2+3xy=10
gy = (1) Rtajrra ?Eeergn?ir eq)uation (1)togetx=...0r
.-1'L'E+3.»T_}’:1O (2} . y— X=....

XY=y
3-2y2+ 393 -2y =10

( ) W )
9 —-12y + 42 + 9y -6y2 =10

Substitute this into quadratic equation (2)
(here in place of x).

=

22 -3y -1=0 — (3 -2y)?’means (3 -2))(3 - 2y) « Section 1.2
22+ 3y+1=0
Cy+ NNy +10=0 — Solve for y using factorisation.
P —-;_; or y=-—1

Find the corresponding x-values by substituting

Sox=4o0rx=3 - the y-values into linear equation (1), x =3 - 2.

—— There are two solution pairs for x and y.

Exercise @ m PROBLEM SOLVING

1 Solve the simultaneous equations:

ax+y=11 b 2x+y=1 c y=3x
xy=:30 x*+y’=1 pr—xep =13

d 3a+bH=28 e 2u+v="T f 3x+2y=7
3a° + b> =28 uv =6 x2+y=8

2 Solve the simultaneous equations:

a 2x+2y=7 b x+y=9 ¢ Sy—4x=1
x?—4y* =8 x2=3xy+2y°=0 x?—y?+ S5x =41
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3 Solve the simultaneous equations, giving your answers in their simplest surd form:

a x—y=6 b 2;’;‘ -2 3;" =13 LELCUNITEY Use brackets when you are
xy=4 X*+y- =78 substituting an expression into an equation.

(E/P) 4 Solve the simultaneous equations:

x+y=3
x2=3y=1 (6 marks)
(E/P) 5 a By eliminating y from the equations
y=2-4x
3I+xy+11=0
show that x> - 2x - 11 =0. (2 marks)
b Hence, or otherwise, solve the simultaneous equations
=2-4x
3x+xy+11=0
giving your answers in the form a + b3, where @ and b are integers. (5 marks)
@ 6 One pair of solutions for the simultaneous equations Problem-solving
r=kx -5
;}er _::y _6 If (1, p) is a solution, then x=1, y =p

_ satisfies both equations.
is (1, p) where k and p are constants,

a Find the values of k and p.
b Find the second pair of solutions for the simultaneous equations.

Challenge

y—x=k
Xt+yt=4
Given that the simultaneous equations have exactly one pair of solutions, show that
k=+2/2

9 Simultaneous equations on graphs

You can represent the solutions of simultaneous equations graphically. As every point on a line or
curve satisfies the equation of that line or curve, the points of intersection of two lines or curves
satisfy both equations simultaneously.

= Solutions to a pair of simultaneous equations represent the points of intersection of their graphs.

Exam ple m INTERPRETATION

a On the same axes, draw the graphs of:

2x+ 3y =38
Ix—-y=23

b Use your graphs to write down the solutions to the simultaneous equations,
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= Bx v

b The sclution is (7, —2) or x

a On the same axes, draw the graphs of:

2x+yp=3
y=x>-3x+1

CHAPTER 3

intersection graphically using technology.

The point of intersection is the solution to the
simultaneous equations

2x+3y=8
3x-y=23

This solution matches the algebraic solution to
the simultaneous equations.

b Use your graphs to write down the solutions to the simultaneous equations.

There are two solutions. Each solution will
have an x-value and a y-value.

Check your solutions by substituting into
both equations.

2(-)+(B)=-2+5=3 v and
5=(-1)2-3(-1)+1=1+3+1=5V
22)+(-1)=4-1=3 v and
-1=(2)-3@)+1=4-6+1=-1¢

and (2, - orx =2,y = -1,

@ Find the point of

N
@ Plot the curve and the line

L

using technology to find the two
points of intersection.

The graph of a linear equation and the graph of a quadratic equation can either:

* intersect twice
* intersect once
* not intersect

After substituting, you can use the discriminant of the resulting quadratic equation to determine

the number of points of intersection.
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® For a pair of simultaneous equations that produce a quadratic equation of the form

axt+ bx+c=0:
e b —4ac>0 e h2—4ac=0 e b —4ac<0
two real solutions one real solution no real solutions

YA YN YT

The line with equation y = 2x + 1 meets the curve with equation kx> + 2y + (k — 2) = 0 at exactly
one point. Given that k is a positive constant

A
a find the value of k @ Explore how the value of O

b for this value of k, find the coordinates of k Evsﬁeds the line and the curve
the point of intersection. using technology.

a y=2x+1 (1) Substitute y = 2x + 1 into equation (2) and
kx2+2y+k-2)=0 (2) simplify the quadratic equation. The resulting
kX2 +2Cx+ D+ (k-2)=0 quadratic equation is in the form ax* + bx + ¢ =0

kx2+4x+2+k-2=0 witha=k b=4andc=*L.

kx? +4x + k=0 Problem-solving

ST ol S ) You are told that the line meets the curve at
exactly one point, so use the discriminant of the
16 A2 2 resulting quadratic. There will be exactly one

: solution, so b2 — 4ac = 0.
kZ2-4=0

k-2)k+2)=0-.

L— Factorise the quadratic to find the values of .

k=2ork=-2
o — The solution is k = +2, as k is a positive constant.

b 2x2+4x+2=0 | Substitute k = +2 into the quadratic equation
— kx?+ 4x + k = 0. Simplify and factorise to find
the x-coordinate.

X +2x+1=0
(x+NDNx+1)=0

Substitute x = -1 into linear equation (1) to find

e the y-coordinate.
Foint of intersection is (-1, =1). « Check your answer by substituting into equation (2):
B 2x?+2y=0

2(-1)2+2(-1)=2-2=0V
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Exercise @ Y wrerpremation
1

In each case:

i draw the graphs for each pair of equations on the same axes

ii find the coordinates of the point of intersection.

ay=3x-5 b y=2x-7 c y=3x+2
y=3-Xx y=8-3x 3Ix+y+1=0

a Use graph paper to accurately draw the graphs of 2y = 2x + 11 and y = 2x? — 3x — 5 on the same axes.
b Use your graphs to find the coordinates of the points of intersection.
¢ Verify your solutions by substitution.

a On the same axes, sketch the curve with equation x? + y = 9 and the line with equation 2x + y = 6.
b Find the coordinates of the points of intersection.

¢ Verify your solutions by substitution.

a On the same axes, sketch the curve with equation _
You need to use algebra in

e oD : : | ——
y = (x — 2)° and the line with equation y = 3x — 2. T e e e

b Find the coordinates of the point of intersection.

Find the coordinates of the points at which the line with equation y = x — 4 intersects the curve
with equation y* = 2x* - 17,

Find the coordinates of the points at which the line with equation y = 3x — 1 intersects the curve
with equation y? = xy + 15.

Determine the number of points of intersection for these pairs of simultaneous equations.

a y=6x2+3x-7 b y=4x-18x+ 40 ¢c y=3x2-2x+4
y=2x+38 y=10x-9 Tx+y+3=0

Given the simultaneous equations
2x—yp=1
x>+ 4ky+5k=0

where k is a non-zero constant

a show that x> + 8kx + k=0. (2 marks)
Given that x* + 8kx + k = 0 has equal roots
b find the value of k (3 marks)

¢ for this value of k, find the solution of the simultaneous equations. (3 marks)
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m Linear inequalities

You can solve linear inequalities using similar methods to those for solving linear equations.

= The solution of an inequality is the set of all real numbers x that make the inequality true.

Example o m PROBLEM SOLVING

Find the set of values of x for which:

a Sx+9=x+20 b 12 -3x <27 m You can write the solution to this
¢ Ax=9>5=-20x-98 inequality using set notation as {x:x = 2.75}.
This means the set of all values x for which x is
& Bris =i 20 greater than or equal to 2.75.
4x + 9 = 20
4x = N — Rearrangetoget x = ...
x =275
b 12 =3x < 27 Subtract 12 from both sides.
—3x < |5 * Divide both sides by —3. (You therefore need to

turn round the inequality sign.)
In set notation {x: x > —=5}.

x>-5
e Sli=—5 25 =25
3x-15>5-2x+ 16 -

B e R L —  Multiply out (note: -2 x -8 = +16).
Biis o — Hearrangeinget x =
= In set notation {x:x > 7.2}.
X ETEN
You may sometimes need to find the set of w :
In set notation

values for which two inequalities are true
together. Number lines can be useful to find
the solution.

x>-2and x = 4iswritten {x: -2 < x = 4}

or alternatively {x: x > -2} N {x: x = 4}
x=-lorx>3iswritten{x:x=-1} U {x:x>3}
For example, in the number line below the

solution set is x > -2 and x = 4.

=0 =l _i 0 Z 5 : 0 is used for < and > and means
= . the end value is not included.
o & — ® is used for = and = and means

the end value is included.

These are the only real values that satisfy both equalities

. simultaneously, so the solutionis -2 < x = 4,
Here the solution sets are x = —1 or x > 3.

=k =5 0 > A U Here there is no overlap and the two inequalities have
< ° — to be written separately as x = -1 or x > 3.




EQUATIONS AND INEQUALITIES CHAPTER 3

Find the set of values of x for which:
a 3Ix-5<x+8andSx>x-8
b x=-5>1-xo0orl5-3x>5+2x

a 3x—-5<x+8& 5x>x-8
2x-5<8 4x>-05 Draw a number line to illustrate the two
2ReS X > =2 inequalities.
x <65 The two sets of values overlap (intersect) where
. . : : , , . -2 <x<6.5.
4 e o 2 4 2 & Notice here how this is written when x lies
< '®) bk e
between two values.
(e, » x> -2
In set notation this can be written as
So the required set of valves is -2 < x < 6.5. {x:-2 <x <65}
- R RS o T 15 -3x>5 + 2x
A=ty 1B =3x 5 2%
2X =5 10 > Sx
N = = o
X e 2
- 2 I 2 . O fi — Draw a number line. Note that there is no overlap
: between the two sets of values.
i O ;o A

In set notation this can be written as
The solutionis x> 3 or x < 2.+ x:x<2}U{x:x>3l.

Exercise @ m REASONING/ARGUMENTATION

1 Find the set of values of x for which:

a 2x-3<5 b 5x+4 =39

¢ 6x—3>2x+7 d Sx+6=-12-x
e I5-x>4 f 21 - 2x>8+ 3x
g 1+x<25+3x hi Ix—lel=1%

i 5-05x=1 j Sx+4>12-2x



46 CHAPTER 3 EQUATIONS AND INEQUALITIES

2 Find the set of values of x for which:

a 2(x-3)=0 b 81 -x)>x-1 ¢c I(x+7)=8-x

d 2(x-3)-(x+12)<0 e 1+11(2-x)<10(x-4) f 2(x-5)=34-x)

g 12x-3(x-3)<45 h x-2(5+2x)<11 i x(x-4)=x2+2
4x(x + 3)

j x5-x)=3+x-x k 3x+2x(x-3)=2(5+ x?) 1 .x:(ZJ:—S)iT—Q

3 Use set notation to describe the set of values of x for which:
a J(x-2)>x—-4and4dx+12>2x+17

2x—-S<x-land l(x+1)>23 — x

2x—=3>2and3(x+2)< 12+ x

I5S-x<2(ll-x)and 53x-1)>12x+ 19

3x+8=20and2(3x-7)=x+6

f 5x+3<9o0r5(2x+1)>27

=PI o =

g

g 43x+7)<200r23x-5)= ?‘26“‘:
Challenge
A={x:3x+5>2) B={x:%+1:€3} C={x:11<2x -1}

Giventhat AN (BUC) ={x:p<x =g} U {x:x>r}, find the values of p, g and r-.

@ Quadratic inequalities

= To solve a quadratic inequality:
* Rearrange so that the right-hand side of the inequality is 0
* Solve the corresponding quadratic equation to find the critical values
» Sketch the graph of the quadratic function

* Use your sketch to find the required set of values.

The solutions to the quadratic inequality
x?—4x—5>0 are the x-values when
the curve is above the x-axis (the darker
il T partof the curve). This is when x < -1 or
x > 5. In set notation, the solution is

{3 xees =141 1% x >5)

The sketch shows the graph of f(x) =x? - 4x -5
=(x+1)(x-5)

The solutions to f(x) =0
are x =-1and x = 5.

These are called the 1Y i 4 X
critical values.

The solutions to the quadratic inequality
X% —4x -5 <0 are the x-values when
the curve is below the x-axis (the
lighter part of the curve). This is when
x>-land x<5o0r-1<x<5.Inset
notation the solution is {x: =1 < x < 5}.

J
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Find the set of values of x for which:

3-5x-2x2<0

Gy e e

2x2+5x-3=0.

2x-Nx+3)=0

1

X==orp=—=3.

=Y

nal—

So the required set of values is

1
xX<-=-3ocrx> T

a Find the set of values of x for which 12 + 4x > x°.

CHAPTER 3

Quadratic equation
Multiply by —1 (so it's easier to factorise).
%and -3 are the critical values.

Draw a sketch to show the shape of the graph
and the critical values.

Since the coefficient of x? is negative, the graph
is ‘upside-down U-shaped’. It crosses the x-axis at
-3 and % « Section 2.4

3 — 5x — 2x? < 0 (y < 0) for the outer parts of the
graph, below the x-axis, as shown by the lighter
parts of the curve.

In set notation this can be written as
e xe =311 {x:x::%}.

b Hence find the set of values for which 12 + 4x > x* and 5x -3 > 2.

a 12 + 4x > x?
O>x%-4x-12
X2 -4x-12<0
x> -4x-12=0
(x + 2x —6) = L}
Xi=i—g orE=a
Sketch y = x%2 — 4x — 12

VA

\ L

—o\(}

x2-4x-12<0

You can use a table to check your solution.
—2=X=h

Use the critical values to split the real number
line into sets.

-2 6
e o 0 *
x<-2|-2<x<6| x>6
x+2 - -~ +
x—-6 - - +
(x +2)(x—6) + - +

Solutlon: -2 € x = G »

For each set, check whether the set of values
makes the value of the bracket positive or
negative. For example, if x < -2, (x + 2) is
negative, (x — 6) is negative, and (x + 2)(x — 6) is
(neg) x (neg) = positive.

In set notation the solution is {x: -2 < x < 6}.
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b Solving 12 + 4x > x2 gives -2 < x < 6.
Solving 5x — 3 > 2 gives x > 1.

/T T e R T e
O O L oy

O » x = 1

The two sets of values overlap where
1< x5

EQUATIONS AND INEQUALITIES

Problem-solving

This question is easier if you represent the
information in more than one way. Use a sketch
graph to solve the quadratic inequality, and
use a number line to combine it with the linear
inequality.

In set notation this can be writtenas {x:1 < x < 6}.

So the solutionis 1 < x < 6. »

FETE @ m INTERPRETATION
6

Find the set of values for which =>2, x #0

LU . could be either positive or negative,

so you can't multiply both sides of this inequality
by x. Instead, multiply both sides by x=.

Because x? is never negative, and x = 0 so x* = 0,
the inequality sign stays the same.

%}2

BX > 2x°
6x - 2x2 >0
6x — 2x2=0
e —-2x)=0
K= biar =0

VA

Solve the corresponding quadratic equation to
find the critical values.

x = 0 can still be a critical value even though

— x = 0. But it would not be part of the solution set,

even if the inequality was = rather than >.

Sketch y = x(6 — 2x). You are interested in the

d) 3\ X

values of x where the graph is above the x-axis.

In set notation this can be written as {x:0 < x < 3}.

The solutionis O < x < 3.

Exercise @ ) wrerpremaTion

1 Find the set of values of x for which:
a x>—11x+24<0
d x>’+7x+12=0
g 4x2-8x+3=0
j 6x2+11x-10>0

2 Find the set of values of x for which:

a x*<10-3x
& XM3—2x)>1

b 12-x-x*>0

e 7+ 13x-2x">0
h -2+ 7x-3x2<0 i x2-9<0
k x>-5x>0

b 11<x?2+10
d x(x+11)<3(1 - x?)

¢ x2-3x-10>0

f 10+x-2x2<0

1 2x2+3x=<0
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3 Use set notation to describe the set of values of x for which:

a X*—Tx+10<0and 3x+5<17 b x2-x-6>0and 10-2x<5
¢c 4x?-3x-1<0and4(x+2)<15-(x+7) d 2x2—-x-1<0and 14<3x-2
e x’=-x-12>0and3x+17>2 f x2=-2x-3<0andx*-3x+2>0

® 4 Given that x # 0, find the set of values of x for which:

a%fil bS}% c%+3:‘*2
5 8 1 6 7
d6+fl"‘} EZS}I—E fx—2+;53

5 a Find the range of values of k for which the

. i The quadratic equation ax? + bx + ¢=0
equation x* — kx + (k + 3) = 0 has no real roots.

has real roots if b — 4ac = 0. « Section 2.5
b Find the range of values of p for which the
roots of the equation px? + px — 2 = 0 are real.
® 6 Find the set of values of x for which x> - 5x - 14 > 0. (4 marks)
® 7 Find the set of values of x for which
a 23x—-1)<4-3x (2 marks)
b 2x?-5x-3<0 (4 marks)
¢ both2(3x-1)<4-3xand 2x*>-5x-3<0. (2 marks)
8 Given that x # 3, find the set of values for which — e EAGH SHESAIINE
x-3 Multiply both sides of the
(6 marks) inequality by (x — 3).

9 The equation kx> — 2kx + 3 = 0, where k& is a constant, has no real roots.
Prove that k satisfies the inequality 0 < k < 3. (4 marks)

m Inequalities on graphs

You may be asked to interpret graphically the solutions to inequalities by considering the graphs
of functions that are related to them.

= The values of x for which the curve y = f(x) is below the curve y = g(x) satisfy the inequality

f(x) < g(x).

» The values of x for which the curve x = f(x) is above the curve y = g(x) satisfy the inequality
f(x) > g(x).
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f(x) is above g(x) when x < 2 and when x > 5.
These values of x satisfy f(x) > g(x).

f(x) is below g(x) when 2 < x <5,
These values of x satisfy f(x) < g(x).

The solutions to f(x) = g(x) are x =2 and x = 5.

L, has equation y = 12 + 4x. VA
L, has equation y = x°.
The diagram shows a sketch of L, and L, on the same axes.

a Find the coordinates of P, and P-, the points of intersection.

b Hence write down the solution to the inequality 12 + 4x > x?.

a X2 =12 + 4x7) Equate to find the points of intersection,
%E _Ax 12 =0 ] then rearrange to solve the quadratic equation.
Rl =0 L Factorise to find the x-coordinates at the points

X=6and x =-2 of intersection.
Substitute into y = x2:
when x =6, y =36 P, (6, 36)

when x=-2,y=4 P, (-2, 4 This is the range of values of x for which the

b 12 + 4x > x2 when the graph of L, is graph of y = 12 + 4x is above the graph of y = x,

above the graph of L, i.e. between the two points of intersection.

2 <x<6e In set notation thisis {x: -2 < x < 6}.

Exercise @ m ANALYSIS

1 L, has equation 2y + 3x = 6.
L, has equation x — y = 5.
The diagram shows a sketch of L, and L,.

a Find the coordinates of P, the point of intersection.

0 X
b Hence write down the solution to the inequality )&Lﬁ 2+ 3x=6
2y +3x>x-y.
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2 For each pair of functions:
i Sketch the graphs of y = f(x) and y = g(x) on the same axes.
ii Find the coordinates of any points of intersection.

iii Write down the solutions to the inequality f(x) = g(x).

a f(x)=3x-7 b f(x)=8-5x e llx)y=x2+3
g(x)=13-2x g(x)=14-3x glx)=5-2x

d f(x)=3-x? e f(x)=x*-5 f fx)=7-=x"
g(x)=2x-12 g(x)=Tx+13 g(x)=2x-38

® 3 Find the set of values of x for which the curve with equation y = f(x) is below the line with
equation y = g(x).

a f(x)=3x?-2x-1 b f(x)=2x"-4x+1 ¢ f(x)=5x-2x"-4
g(x)=x+35 g(x)=3x-2 g(x)=-2x-1
2 3 4 .
d f(x)=%,x#0 e f(x):;‘}*‘¢0 f f(‘l):.x:+1“l¢_1
g(x) =1 g(x) =-1 g(x)=8
Challenge
The sketch shows the graphs of iy

h
f(x) =x2-4x-12 y="1f(x)
g(x) =6+ 5x — x? }
a Find the coordinates of the points of intersection. 0 g

b Find the set of values of x for which f(x) < g(x). ¥ = g(x)
Give your answer in set notation.

m Regions

You can use shading on graphs to identify regions that satisfy linear and quadratic inequalities.

= y < f(x) represents the points on the coordinate grid below the curve y = f(x).
= > f(x) represents the points on the coordinate grid above the curve y = f(x).

kel 'y =f(x) All the shaded points in this region

L]
L] &
L ] *

satisfy the inequality y > f(x).

| § All the unshaded points in this region
satisfy the inequality y < f(x).

)
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m |f y> f(x) or y < f(x) then the curve y = f(x) is not included in the region
and is represented by a dotted line.

m |f y= f(x) or y = f(x) then the curve y = f(x) is included in the region
and is represented by a solid line.

Example @ m INTERPRETATION

On graph paper, shade the region that satisfies the inequalities:

y=-4,x<5 y=3x+2and x>0

x=0 x=5
Vi : Draw dotted lines for x =0, x = 5.
25 :
nend E Wr=i3x + 2 Shade the required region.
' Test a point in the region. Try (1, 2).
H i Forx=1:1<5and1>0V
10- : Fory=2:2=-2and2<3+2V
1
5- i
> | 1 Draw solid lines for y=—4, y =3x + 2.
gt O, Y
BLaEinEEELI | =
10+ ’

On graph paper, shade the region that satisfies the inequalities:

2y+x<14
y=x2-3x-4
YA

N
@ Explore which regions

on the graph satisfy which inequalities
using technology.

Draw a dotted line for 2y + x =14 and a
solid line for y = x> =3x - 4.

Shade the required region.
Test a point in the region. Try (0, 0).
= 0+0<14and0>0-0-4 v
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Exercise @  SKILLS JPUTREE

1 On a coordinate grid, shade the region that satisfies the inequalities:
y>x=-2,y<d4xandy=5-x

2 On a coordinate grid, shade the region that satisfies the inequalities:
x=-l,v+x<4, 2x+py=Sandy>-2

3 On a coordinate grid, shade the region that satisfies the inequalities:
r<@B-x)2+x)andy+x=3

4 On a coordinate grid, shade the region that satisfies the inequalities:
y>x’=2andy =9 - x?

5 On a coordinate grid, shade the region that satisfies the inequalities:
y>@x-3)Y,y+x=5andy<x-1

6 The sketch shows the graphs of the straight lines ik 1 y=x+1
with equations: \‘{
y=x+1,y=7-xandx=1 01\
a Work out the coordinates of the points of &
intersection of the functions. 214
. . . =7 -
b Write down the set of inequalities that . g ——— f{t '
: : VO 13214l N
represent the shaded region shown in the sketch.
7 The sketch shows the graphs of the curves with
equations:
y=2-5x-x4,2x+y=0andx+y=4 y=2=-5xz3 %

Write down the set of inequalities that represent the
shaded region shown in the sketch.

® 8 a On a coordinate grid, shade the region that satisfies the inequalities:
y<x+4,y+5x+3=0,y=-land x<2

b Work out the coordinates of the vertices of the shaded region. Problem-solving

¢ Which of the vertices lie within the region identified by the A vertex is included only
inequalities? if both intersecting lines
are included.

d Work out the area of the shaded region.
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are two simultaneous equations, where £ is a constant.
a Show that y = -2.

b Find an expression for x in terms of the constant k.

Solve the simultaneous equations:
x+2y=3
—4y?=-33
Given the simultaneous equations
x=-2y=1
3xy—y*=8
a Show that 5)° + 3y - 8 =0.

b Hence find the pairs (x, y) for which the simultaneous equations are satisfied.

a By eliminating y from the equations
xX+y=2
X+ xy—y=-1
show that x> — 6x + 3 =0.
b Hence, or otherwise solve the simultaneous equations
xX+y=2

xX*+ xy—y=-1

giving x and y in the form a + b V6, where « and b are integers.

a Given that 3* =97~ show that x =2y — 2.
b Solve the simultaneous equations:
x=2y=-2
Xt=pr+7

Solve the simultaneous equations:
x+2y=3
-2y+4y°=18

The curve and the line given by the equations

kx?—xy+(k+ Dx=1
k

—E.}:+y=1

where k is a non-zero constant, intersect at a single point.
a Find the value of k.

b Give the coordinates of the point of intersection of the line and the curve.

54 CHAPTER 3 EQUATIONS AND INEQUALITIES

(3 marks)
(1 mark)

(7 marks)

(2 marks)
(S marks)

(2 marks)

(S marks)

(1 mark)

(6 marks)

(7 marks)

(S marks)
(3 marks)
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Give your answers 1n set notation.
a Solve the inequality 3x — 8 > x + 13,
b Solve the inequality x* — 5x — 14 > 0.

Find the set of values of x for which (x — 1)(x — 4) < 2(x — 4).

a Use algebra to solve (x — 1)(x + 2) = 18.

b Hence, or otherwise, find the set of values of x for which (x — 1)(x + 2) > 18.
Give your answer 1n set notation.

Find the set of values of x for which:

a 6x—-T7T<2x+3
b 2x2-11x+5<0

20
c 5{?

d both6x-7<2x+3and2x*-11x+5<0,

Find the set of values of x that satisfy % +1=< % x#0
3 :

Find the values of k for which kx? + 8x + 5 = 0 has real roots.

The equation 2x* + 4kx — 5k = 0, where k is a constant, has no real roots.

Prove that k satisfies the inequality —% <k<0.

a Sketch the graphs of y =f(x) = x2 + 2x — 15 and g(x) = 6 — 2x on the same axes.

b Find the coordinates of any points of intersection.

¢ Write down the set of values of x for which f(x) > g(x).

Find the set of values of x for which the curve with equation
y=2x>+ 3x — 15 1s below the line with equation y = 8 + 2x.

On a coordinate grid, shade the region that satisfies the inequalities:

y>x2+4x—-12and y <4 - x?

a On a coordinate grid, shade the region that satisfies the inequalities
YPEXL6,7220+9, 753 and-x 5.0
b Work out the area of the shaded region.

Challenge

1 Find the possible values of k for the quadratic equation 2kx® + 5kx + 5k -3 =0

to have real roots.

2 A straight line has equation y = 2x — k and a parabola has equation

¥ =3x?+ 2kx + 5 where k is a constant. Find the range of values of k for which
the line and the parabola do not intersect.

(2 marks)
(4 marks)

(6 marks)

(2 marks)

(2 marks)

(2 marks)
(4 marks)

(4 marks)
(2 marks)

(5 marks)

(3 marks)

(3 marks)

(4 marks)
(3 marks)
(1 mark)

(5 marks)

(5 marks)

(6 marks)
(2 marks)
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Summary of key points

1 Linear simultaneous equations can be solved using elimination or substitution.

2 Simultaneous equations with one linear and one quadratic equation can have up to
two pairs of solutions. You need to make sure the solutions are paired correctly.

3 The solutions of a pair of simultaneous equations represent the points of intersection
of their graphs.

& For a pair of simultaneous equations that produce a quadratic equation of the form
ax®+bx+c=0:
« b2—4ac>0 two real solutions
« b®—bac=0 one real solution
« b’-4bac<0 no real solutions

5 The solution of an inequality is the set of all real numbers x that make the inequality true.

6 To solve a quadratic inequality:
+ Rearrange so that the right-hand side of the inequality is 0
+ Solve the corresponding quadratic equation to find the critical values
« Sketch the graph of the quadratic function
+ Use your sketch to find the required set of values.

7 The values of x for which the curve y = f(x) is below the curve y = g(x) satisfy the inequality
f(x) < g(x).
The values of x for which the curve y = f(x) is above the curve y = g(x) satisfy the inequality
f(x) > g(x).

8 y < f(x) represents the points on the coordinate grid below the curve y = f(x).
y > f(x) represents the points on the coordinate grid above the curve y = f(x).

9 If y>f(x) or y <f(x) then the curve y = f(x) is not included in the region and is represented by
a dotted line.

If y = f(x) or y = f(x) then the curve y = f(x) is included in the region and is represented by a
solid line.
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—— Learning objectives

After completing this chapter you should be able to:

® Sketch cubic graphs - pages 58-61

® Sketch reciprocal graphs of the form y =—and y=— - pages 62-63
X % 5

Use intersection points of graphs to solve equations - pages 63-66
Translate graphs - pages 67-71
Stretch graphs - pages 71-74

Transform graphs of unfamiliar functions - pages 75-77

i

Prior knowledge check 1;-‘

\

1 Factorise these quadratic expressions:
a x°+6x+5 b x?—4x+3

« International GCSE Mathematics
Sketch the graphs of the following functions:
a y=(x+2)(x-3) b y=x-6x-T7 « Section 2.4

a Copy and complete the table of values for the function
y=x+x-2

s =5 _ I Many complicated functions can
n be understood by transforming

y|-12|-e8rs] | |-2f-tars] | | | simpler functions using stretches

b Use your table of values to draw the graph of \ reflections and translations. Particle
y= X+ x-2. ¢ International GCSE Mathematics ph},fSiCiStS compare observed results

Solve each pair of simultaneous equations: ' with transformations of known
a y=2x b y=x functions to determine the nature

X+y=6 y=2x-1 « Sections 3.1, 3.2 of subatomic particles.
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m Cubic graphs

A cubic function has the form f(x) = ax® + bx® + ex + d, where a, b, ¢ and d are real numbers
and a is non-zero.

The graph of a cubic function can take several different forms, depending on the exact nature
of the function.

75 'e/’"é'

For these two functions a is positive. For these two functions a is negative.

= If pis aroot of the function f(x), then the graph of y = f(x) touches or crosses
the x-axis at the point (p, 0).

You can sketch the graph of a cubic function by finding the roots of the function.

Sketch the curves with the following equations and show the points where they cross the
coordinate axes.

a y=(x-2)(1-x)1+x) b y=x(x+1)(x+2)

a y=(x—-2)1 -2+ x) @ Explore the graph of O

e . y=(x=p)lx=g)x-r) where p, q
el e and r are constants using technology.
Sox=2,x=1orx=-1

So the curve crosses the x-axis at

(2, 0), (1, Q) and (-1, Q).

—PiLy =0 and selve lorx

When x=0,y=-2x1x1==-2 Find the value of y when x = 0.
So the curve crosses the y-axis at (O, —-2).
X400, Jiet =00 Check what happens to y for large positive and
X =00 1 —F O negative values of x.
)
\ T N d The x3 term in the expanded function would be
“x O 1 X x % [(=x) x x = =x? 50 the curve has a negative x?
coefficient.
b y=x(x+1)x+2) — Puty=0 and solve for x.

O=x(x+Nx + 2)-
S X =0l x=Em=liprx = -2
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So the curve crosses the x-axis at You know that the curve crosses the x-axis at
(O, 0), (<1, O) and (-2, Q). " (0, 0) so you don't need to calculate the
P y-intercept separately.
v s v o Lt B v

A L. Check what happens to y for large positive and

negative values of x.

=y

The x* term in the expanded function would
be x x x x x = x? so the curve has a positive x?

/2 i 1

coefficient.

HE ]G o

Sketch the following curves:

a sp=(x—1x+l) b 3= a0tee- Dyt S e p=(x—2F

a y=(x-10x+1)

O=x-12%x+1 * Put y = 0 and solve for x.
Sox=lorx =-1
So the curve crosses the x-axis at (=1, Q) —— (x—1) is squared so x = 1 is a 'double’ repeated
and touches the x-axis at (1, Q). —— root. This means that the curve just touches the

x-axis at (1, 0).
Whenx=0,y=(-1)2x1=1.

S0 the curve crosses the y-axis at (O, 1). L

Find the value of y when x = 0.
X —# 00 =00 _]

X — =00, y — "—DCJJ

Check what happens to y for large positive and

Yy negative values of x.
/+ \/ . —— X, p oo
/1 0 1 X
g _ x=1Isa’'double’ repeated root.
b p=x%~2x° - 3x
= x(x* - 2x - 3)7] il

= x(x - 3)(x + 1) |

O=x(x-3)x+1)-
Sox=1F X =3orx==-l

— First factorise.

: —— Put y =0 and solve for x.
So the curve crosses the x-axis at (O, O)

(3, O) and (-1, Q).

X—00,)— 0 ] Check what happens to y for large positive and
X — =00, y — =00 | negative values of x.

/'l 0 % This is a cubic curve with a positive coefficient of
x? and three distinct roots.

?
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c y=(x-2)3
O=(x-2)3" Put y = 0 and solve for x.

S0 x = 2 and the curve crosses the x-axis
at (2, O) only.

Whenx =0,y = (-2 =-86
So the curve crosses the y-axis at (O, —5).

X—00,y—+00 | Check what happens to y for large positive and
X — —00, ¥ — —00_] negative values of x.
J
/ x =2 is a'triple’ repeated root.

0 ﬁ
_5]
Example e

Sketch the curve with equation y = (x — 1)(x% + x + 2).

y=x-1x%+x+ 2) The quadratic factor x% + x + 2 gives no solutions
O=(x-1{x2+x+2). since the discriminant b? — 4ac = (1) - 4(1)(2) = -T.
<« Section 2.5

S0 x =1 only and the curve crosses the

Xx-axis at (1, O},
LGSk A cubic graph could intersect the

When x =0, y = (-1)(2) = -2 x-axis at 1, 2 or 3 points.
So the curve crosses the y-axis at (O, —=2).

A 00, Y — o0 —| Check what happens to y for large positive and

X — =00, y — —00 | negative values of .

L
/ " @ You haven't got enough V.
O / * information to know the exact T /

/ shape of the graph. It could also N e
be shaped like this:

Exercise @ m ANALYSIS

1 Sketch the following curves and indicate clearly the points of intersection with the axes:

a y=(x-3)(x-2)(x+1) b y=(x-1)(x+2)(x+3)
¢c y=(x+DKx+2)(x+3) d y=(x+D(1-x)(x+3)
e y=(x=-2)(x-3)4-x) f y=x(x=-2)(x+1)
g y=x(x+1)(x-1) h y=x(x+1)(1-x)

i y=(x=-2)2x-1D2x+1) I y=x(2x=1)(x+3)
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Sketch the curves with the following equations:

ay=(x+D¥x-1) b y=(x+2)(x-1) c y=2-x)(x+1)
d y=(x-2)(x+ 1) e y=x¥x+2) f y=(x —1)x

g y=(1-x G +x) h y=(x-1(3-x) i y=x(2-x)

i y=x(x-2)

Factorise the following equations and then sketch the curves:

a y=x>+x2-2x b y=x3+5x2+4x ¢ y=x3+2x2+x
d y=3x+2x’-x° € Y= f y=x-x°

g y=12x%-3x h y=x3-x2-2x i y=x3-9x

j y=x*—0Ox-

Sketch the following curves and indicate the coordinates of the points
where the curves cross the axes:

a y=(x-2) b y=2-x) ¢ y=(x=1) d y=(+2)
e y=—(x+2)° f y=(x+3)° g y=(x-3) h y=(-x)
- - 3

i y=-(x-2y i y=-(x-3)

The graph of y = x3 + bx? + ¢x + d is shown opposite,
where b, ¢ and d are real constants. VA /

a Find the values of b, ¢ and d. (3 marks)

b Write down the coordinates of the point where

. 33, O X
the curve crosses the y-axis. (1 mark)
Problem-solving

Start by writing the equation in the form y = (x — p)(x — ¢)(x - 1).

The graph of y = ax® + bx> + ¢x + d is shown opposite,
where a, b, ¢ and d are real constants. Ay

k
Find the values of a, b, ¢ and d. (4 marks) /L\ /
>3 X
Given that f(x) = (x = 10)(x2 = 2x) + 12x

a Express f(x) in the form x(ax? + bx + ¢) where a, b and ¢ are real constants. (3 marks)

—L
2

b Hence factorise f(x) completely. (2 marks)

¢ Sketch the graph of y = f(x) showing clearly the points where the graph
intersects the axes. (3 marks)
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@ Reciprocal graphs

You can sketch graphs of reciprocal functions such as y = l, = ;12— and y = . by considering their

asymptotes. o o

» The graphs of y = k and y= xi(z—, where k is a real m An asymptote is a line which
X

the graph approaches but never reaches.
constant, have asymptotes at x=0and y = 0. EFRECRI

Y A A
y=2 y=S
X 32
0 0 % % 0 X
k | k | k | k |
y=5withk>0 y=xwithk<0 y:;withkbﬁ y=—withk<0
’ - X
S E]E o YN INTERPRETATION
Sketch on the same diagram:
4 | 4 | B 4 _ 10
a y=wandy=— b y=—Fandy=-% cy=;andy—§

@ Explore the graph of

T % for different values of a using

technology.

Thisisay= % graph with k>0

— In this quadrant, x >0

.12 _4
so for any values of x: ==> —

— In this quadrant, x <0

LR i
so for any values of x: ——<—

Thisisan= % graph with k <0

In this quadrant, x <0

D 1
so forany values of x: —=> -+
In this quadrant, x > 0

1

i
so for any values of x: S
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Thisisa y =£2 graph with k& > 0.
X

x?is always positive and k > 0 so the y-values are
all positive.

AN
¥ 2/
0

SKILLS INTERPRETATION

1 Use a separate diagram to sketch each pair of graphs:

ay=%andy=% b}}z%&ﬂd;;:—%

cyz—%andyZ—% d}}z%&ﬂd}*:%
3 _ 8

e y=—xsandy=—%

2 Use a separate diagram to sketch each pair of graphs:

2 5 3 3
a}’=§and}’=§ b}’=§3ﬂdJ’=‘x_g
P
¢ y=-andy=-—

@ Points of intersection

You can sketch curves of functions to show points of intersection and solutions to equations.

= The x-coordinate(s) at the point(s) of intersection of the curves with equations
y = f(x) and y = g(x) are the solution(s) to the equation f(x) = g(x).

a On the same diagram, sketch the curves with equations y = x(x — 3) and y = x*(1 — x).

b Find the coordinates of the points of intersection.

a 1 A : :

V4 A cubic curve will eventually get steeper than a
quadratic curve, so the graphs will intersect for
some negative value of x.

ke

‘L!‘:

: x{x —
[ A
S

Ee
p=x(T—2

)
%




b From the graph there are three points
where the curves cross, labelled A, B
and C. The x-coordinates are given by the
solutions to the equation.

x(x — 3) = x2(1 — x)

X2 =3x=x2 = x3-

5 = B =0Cs

XS =) =1)#
Sox=0orx*=3
Sa = —'\-"'Bj 2 LB

Substitute into y = x2(1 — x) »

The points of intersection are:

AI:—'I.-"B,, 3+ 3\3} —‘

B(O, O)
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There are three points of intersection, so the
equation x(x — 3) = x?(1 — x) has three real roots.

Multiply out brackets.
Collect terms on one side.
Factorise.

The graphs intersect for these values of x, so you
can substitute into either equation to find the
y-coordinates.

CO3. 3 - 3/3) J L} Leave your answers in surd form.
AV, - 2

Example o I3 PROBLEM SOLVING

, : : b
a On the same diagram, sketch the curves with equations y = x2(3x —a) and y = ey
where a and b are positive constants.
s 2 : ; b
b State, giving a reason, the number of real solutions to the equation x%(3x — a) — ¥ = 0.

el i e

3x-a=0when x = %a, so the graph of
V = X%(3x — a) touches the x-axis at (0, 0) and

intersects it at (%a, 0).

Problem-solving

You can sketch curves involving unknown
constants. You should give any points of
intersection with the coordinate axes in terms of

=¥ =]

b From the sketch, there are only two points
of intersection of the curves. This means

there are only two values of x where

% the constants where appropriate.
x2(3x - a) = =
5 b . '
or x*(Bx-a)-7=0 In this question, you only need to state the

number of solutions. You don't need to find

So this equation has two real solutions. :
the solutions.
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a Sketch the curves y = i,, and y = x%(x — 3) on the same axes.
a

b Using your sketch, state, with a reason, the number of real solutions to the equation.

b=

V4

Problem-solving

y = x*(x — 3) ,
Set the functions equal to each other to form an
equation with one real solution, then rearrange
b There is a single point of intersection so the the equation into the form given in the question.

1

equation x?(x — 3) = — has one real solution.

.2
_F".r_

Rearranging:
x— =4
xHx-3)-4=0 You would not be expected to solve this equation

; ; . in your exam.
So this equation has one real solution. y

{ (/N3 INTERPRETATION

In each case:
i sketch the two curves on the same axes
ii state the number of points of intersection

iii write down a suitable equation which would give the x-coordinates of these points.
(You are not required to solve this equation.)
3

a y=x%,y=x(x*-1) b y=x(x+2),y=-% ¢ y=xiy=(x+1)(x-1)
2 1 1

d y=x(1-x),y=-% e y=x(x-4),y=7% f y=x(x-4),y=-%

g y=x(x-4),y=(x-2) hy=ﬂ&y=—% i y=-x, y=x7

i y=-x3y=-x(x+2)

a On the same axes, sketch the curves given by y = x2(x — 3) and y = %

b Explain how your sketch shows that there are only two real solutions to the equation
x(x-3)=2.

a On the same axes, sketch the curves given by y = (x + 1)* and y = 3x(x — 1).

b Explain how your sketch shows that there is only one real solution to the equation
3 s T
x*+6x+1=0,
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4 a On the same axes, sketch the curves given by y = % and y = —x(x = 1)°.

b Explain how your sketch shows that there are no real solutions to the equation
1 + x3(x-1)*=0.

5 a On the same axes, sketch the curves given by y = x*(x — a)
b .
and y =+, where a and b are both positive constants. (5 marks)

b Using your sketch, state, giving a reason, the number of real solutions to the
equation x* —ax’* - b =0. (1 mark)

Problem-solving

Even though you don't know the values of ¢ and
b, you know they are positive, so you know the
shapes of the graphs. You can label the point a
on the x-axis on your sketch of y = x?(x — a).

® 6 a On the same set of axes, sketch the graphs of

y= % and y = 3x + 7. (3 marks)
b Write down the number of real solutions to the equation % =3x+ 7. (1 mark)
¢ Show that you can rearrange the equation to give (x + 1)(x + 2)(3x-2) = 0. (2 marks)
d Hence determine the exact coordinates of the points of intersection. (3 marks)

7 a On the same axes, sketch the curve y = x3 — 3x2 — 4x and the line y = 6x.

b Find the coordinates of the points of intersection.

® 8 a On the same axes, sketch the curve y = (x2 - 1)(x — 2) and the line y = 14x + 2.

b Find the coordinates of the points of intersection.

® 9 a On the same axes, sketch the curves with equations y = (x — 2)(x + 2)?and y = —x2 - 8.

b Find the coordinates of the points of intersection.

10 a Sketch the graphsof y=x2+1and 2y =x—1. (3 marks)

b Explain why there are no real solutions to the equation 2x? — x + 3 = 0. (2 marks)

¢ Work out the range of values of « such that the graphs of y = x2+¢and 2y = x -1
have two points of intersection. (5 marks)
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m Translating graphs

You can transform the graph of a function by altering the function. Adding or subtracting a
constant ‘outside’ the function translates a graph vertically.

= The graph of y = f(x) + a is a translation of the graph y = f(x) by the vector (g)

Adding or subtracting a constant ‘inside’ the function translates the graph horizontally.

» The graph of y = f(x + a) is a translation of the graph y = f(x) by the vector (_g).

// y=f(x) + 1is a translation (?) or 1 unitin the
direction of the positive y-axis.

vy =Tf(x+ 2) is a translation (_g] or 2 units in the
direction of the negative x-axis.

1 IR
Example o
Sketch the graphs of’
a y=x? b y=(x-2) c y=x2+2
4 ¥V &
0 X

This is a translation by vector (S)

Remember to mark on the intersections with the
axes.

This is a translation by vector (g)

Remember to mark on the y-axis intersection.
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Example o m INTERPRETATION

f{x) = x*

g(x) = x(x-2)

Sketch the following graphs, indicating any points where the curves cross the axes:
a y=flx+1)

b y=gx+1)

a The graph of f(x) is @ Explore translations of the O

graph of y = x3 using technology. T

1A

X3 - First sketch y = f(x).

So the graph of y = f(x + 1) is
4

This is a translation of the graph of y = f(x) by
vector (-1).
y=fx+ 1) =(x+ 1P T— 0

You could also write out the equation as
v = (x + 1)? and sketch the graph directly.

“\\\N:\\\\
)
=Y

b glx) = x(x = 2)
The curve is y = x{x — 2)

o Put y = 0 to find where the curve crosses the

X-axis.

Sox =080 23

Yo y = glx) = x(x - 2)

/ " First sketch y = g(x).

0 2 X
So the graph of y = g(x + 1) is This is a translation of the graph of y = g(x) by
s -1
¥ = el vectnr( )
V47 =+ Dx—1) S .
You could also write out the equation and sketch
\ / the graph directly:
" y=glx+1)
1 x —(r+ Dx+1-2)

=(x+1Dx-1)
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= When you translate a function, any asymptotes are also translated.

Given that h(x) = %, sketch the curve with equation y = h(x) + 1 and state the equations of any

asymptotes and intersections with the axes.

The graph of y = h(x) is

Y

8 N
So the graph of y = h(x) + 1 s

iy
| ‘K The curve is translated by vector (fll) so the

N A asymptote is translated by the same vector.

,.,
|
==

First sketch y = h(x).

=Y

Put y = 0 to find where the curve crosses the
X X-axis.

So the curve intersects the x-axis at (—1, O).

Remember to write down the equation of the

vertical asymptote as well. It is the y-axis so it has
The vertical asymptote is x = Q. J equation x = 0.

Exercise @ m ANALYSIS

1 Apply the following transformations to the curves with equations y = f(x) where:

The horizontal asymptote is y = T.—l

i f(x) =2 i f(x) =x3 iii f(x) = lx;

In each case state the coordinates of points where the curves cross the axes and in iii state the
equations of the asymptotes.

a f(x+2) b f(x)+2 ¢ flx-1)
d f(x)-1 e f(x)-3 f f(x-3)
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2 a Sketch the curve y = f(x) where f(x) = (x = 1)(x + 2).
b On separate diagrams, sketch the graphs of: i y=f(x+2) ii y=1f(x)+2.

¢ Find the equations of the curves y = f(x + 2) and y = f(x) + 2, in terms of x, and use these
equations to find the coordinates of the points where your graphs in part b cross the y-axis.

3 a Sketch the graph of y = f(x) where f(x) = x*(1 — x).
b Sketch the curve with equation y = f(x + 1).

¢ By finding the equation f(x + 1) in terms of x, find the coordinates of the point in part b
where the curve crosses the y-axis.

4 a Sketch the graph of y = f(x) where f(x) = x(x — 2)°.
b Sketch the curves with equations y = f(x) + 2 and y = f(x + 2).

¢ Find the coordinates of the points where the graph of y = f(x + 2) crosses the axes.

5 a Sketch the graph of y = f(x) where f(x) = x(x — 4).
b Sketch the curves with equations y = f(x + 2) and y = f(x) + 4.

¢ Find the equations of the curves in part b in terms of x and hence find the coordinates of the
points where the curves cross the axes.

@ 6 The point P(4, —1) lies on the curve with equation y = f(x).

a State the coordinates that point P is transformed to on the curve with equation

y = f(x-2). (1 mark)
b State the coordinates that point P is transformed to on the curve with equation
y = f(x) + 3. (1 mark)

7 The graph of y = f(x) where f(x) = % is translated so that the asymptotes are at x = 4 and

1
x+a

y = 0. Write down the equation for the transformed function in the form y = (3 marks)

® 8 a Sketch the graph of y = x* — 5x? + 6x, marking clearly the points of intersection with the axes.
b Hence sketch y = (x — 2)° — 5(x — 2)> + 6(x - 2).

9 a Sketch the graph of y = x* + 4x? + 4x. (6 marks) Problem-solving

b The point with coordinates (—1, 0) lies on the curve with Look at your sketch and
equation y = (x + @)’ +4(x + a)*> + 4(x + a) where a is a picture the curve sliding
constant. Find the two possible values of a. (3 marks) to the left or right.
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Challenge

1 The point Q(-5, -7) lies on the curve with equation y = f(x).
a State the coordinates that point Q is transformed to on the curve with equation y = f(x + 2) - 5.

b The coordinates of the point Q on a transformed curve are (-3, —6). Write down the transformation in
the form y = f(x + a) - b.

m Stretching graphs

Multiplying by a constant ‘outside’ the function stretches the graph vertically.

= The graph of y = af(x) is a stretch of the graph y = f(x) by a scale factor of a
in the vertical direction.

VA
1#}? = f(x) y = 2f(x) is a stretch with scale factor 2 in the

/' y-direction. All y-coordinates are doubled.
y=3f(x)

y =3f(x) is a stretch with scale factor % in the
O > y-direction. All y-coordinates are halved.

v =2f(x)

Multiplying by a constant ‘inside’ the function stretches the graph horizontally.

= The graph of y = f(ax) is a stretch of the graph y = f(x) by a scale factor uf%
in the horizontal direction.

y = f(2x)
A
- [y=f) / y = f(2x) is a stretch with scale factar% in the
; x-direction. All x-coordinates are halved.
y="Ff(3x)
y =f(3x) is a stretch with scale factor 3 in the
, / > x-direction. All x-coordinates are tripled.
o 2 6 s
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Example @ m ANALYSIS

Given that f(x) = 9 — x?, sketch the curves with equations:

4. y=1{2x) b =28
a fix) = 9 — x*?
S0 T =13 — X3+ Ae You can factorise the expression.
The curve is y = (3 — x)(3 + X)
0= (R s Put}f =0 to find where the curve crosses the
X-axIs.

Sox=30orx=-3

So the curve crosses the x-axis at (3, O)

and (-3, Q).
N o e O R T Put x = 0 to find where the curve crosses the
So the curve crosses the y-axis at (O, 9). y-axis.

The cirlie P13 =
VA
=

/\ First sketch y = f(x).
»

/£3 0 3\ X
y = flax) where a = 2 so it is a horizontal stretch
¥y = f(2x) 30 the curve is with scale factor %

A

Y Check: The curve is y = f(2x).

J S0y = (3 - 2x)(3 + 2x).

When y=0,x=-150rx=1.5.

So the curve crosses the x-axis at (-=1.5, 0) and

i 5 0 4 o (1.5, 0).
yihem X = ey =

So the curve crosses the y-axis at (0, 9).

=V

b y = 2f(x) so the curve is

Jé’;n y = af(x) where a = 2 so it is a vertical stretch with
scale factor 2.

Check: The curve is y = 21(x).

Soy=2(3-x)(3 + x).

Wheny=0,x=3 or x=-3.

So the curve crosses the x-axis at (=3, 0) and (3, 0).
WhEﬂx:O.y:Z O =

So the curve crosses the y-axis at (0, 18).

-

il
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a Sketch the curve with equation y = x(x —2)(x + 1).
b On the same axes, sketch the curves y = 2x(2x-2)(2x+ 1)and y = —x(x - 2)(x + 1).

a VA Ly
= x(x—2)(x + 1 N
W : @ Explore stretches of the O
graph of y = x(x - 2)(x + 1) using technology.
10 > }‘:
y=-x(x-2)(x + 1) is a stretch with scale factor
—— =1 in the y-direction. Notice that this stretch has
. the effect of reflecting the curve in the x-axis.
1

y=-x(x—-2)x + 1) =~

y=2x(2x - 2)(2x + 1) is a stretch with scale
factor & in the x-direction.

- x Problem-solving

You need to work out the relationship between
each new function and the original function.

If x(x—-2)(x+ 1) =f(x) then

2x(2x-2)(2x + 1) =f(2x), and

—x(x-2)(x + 1) =-f(x).

—

2(2x = 2N2x + 1)E——

P = xix=gllra1)

m The graph of y = —f(x) is a reflection of the graph of y = f(x) in the x-axis.
m The graph of y = f(—x) is a reflection of the graph of y = f(x) in the y-axis.

Example @ y=f(=x)is y = (~x)(—x + 2) which is y = x* — 2x

or y = x(x — 2) and this is a reflection of the
On the same axes, sketch the graphs of y = f(x), original curve in the y-axis.

y =f(=x) and y = —f(x) where f(x) = x(x + 2). Alternatively multiply each x-coordinate by —1
and leave the y-coordinates unchanged.

This is the same as a stretch parallel to the x-axis
y = 1) y =t=x)—7—  scale factor -1.

tixl = xlx + 2]

y =—f(x) is y = —x(x + 2) and this is a reflection
of the original curve in the x-axis.

Alternatively multiply each y-coordinate by —1
and leave the x-coordinates unchanged.

This is the same as a stretch parallel to the y-axis
scale factor —1.

LW
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Exercise @ m ANALYSIS

1 Apply the following transformations to the curves with equations y = f(x) where:

I ()= il f(x) =3 iii f(x) = lr
In each case show both f(x) and the transformation on the same diagram.
a f(2x) b f(-x) ¢ f(3x) d f(4x) e f(Gx)
f 2f(x) g —f(x) h 4f(x) i 5f(x) i 2f(x)
. P S
2 a Sketch the curve with equation y = f(x) where f(x) = x> — 4. m o DILb AT

b Sketch the graphs of y = f(4x), %J’ = f(x), y = f(—x) and y = —f(x). the second equation into
the form y = 3f(x).

3 a Sketch the curve with equation y = f(x) where f(x) = (x — 2)(x + 2)x.
b Sketch the graphs of y = f(%x}ﬁ y =f(2x) and y = —f(x).

® 4 a Sketch the curve with equation y = x2(x - 3). Problem-solving

b On the same axes, sketch the curves with equations: Let f(x) = x*(x - 3) and try to

i y=(2x)2x-3) i y=-x%(x-3) write each of the equations
in part b in terms of f(x).
5 a Sketch the curve y = x* + 3x — 4.

b On the same axes, sketch the graph of 5y = x* + 3x - 4.

6 a Sketch the graph of y = x?(x - 2)°.

b On the same axes, sketch the graph of 3y = —x%(x - 2)%.

@ 7 The point P(2, —3) lies on the curve with equation y = f(x).

a State the coordinates that point P is transformed to
on the curve with equation y = f(2x). (1 mark)

b State the coordinates that point P is transformed to
on the curve with equation y = 4f(x). (1 mark)

@ 8 The point Q(-2, 8) lies on the curve with equation y = f(x).

State the coordinates that point Q is transformed to

on the curve with equation y = f(%.x). (1 mark)

9 a Sketch the graph of y = (x - 2)(x — 3)°. (4 marks)
b The graph of y = (ax — 2)(ax — 3)* passes through the point (1, 0).

Find two possible values for a. (3 marks)

Challenge

1 The point R(4, —6) lies on the curve with equation y = f(x). State the coordinates
that point R is transformed to on the curve with equation y = %f{z.x).

2 The point §(-4, 7) is transformed to a point S'(-8, 1.75). Write down the
transformation in the form y = af(bx).
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m Transforming functions

You can apply transformations to unfamiliar functions by considering how specific points and
features are transformed.

The diagram shows a sketch of the curve f(x) which
passes through the origin.
The points A(1, 4) and B(3, 1) also lie on the curve.

Sketch the following:

a y=flx+1) b y=f(x-1) ¢ y=1f(x)-4
d 2y =1(x) e y—1=1(x)
In each case you should show the positions of the images 7

of the points O, 4 and B.

a fx+1)

Translate f(x) 1 unit in the direction of the
negative x-axis.

b f(x - 1)

Translate f(x) 1 unit in the direction of the
positive x-axis.

1 / Translate f(x) 4 units in the direction of the
:
X negative y-axis.
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d 2y=fix)soy= %f(ﬁf} . Rearrange in the form y = ...
VA
b2
y = +f(x)
1 Stretch f(x) by scale factor % in the y-direction.
(3, 3)

ﬁ.

e y—-1=fx)soy="f(lx)+1° Rearrange in the form y = ...

VA

Translate f(x) 1 unit in the direction of the
positive y-axis.

Exercise @ m ANALYSIS

1 The following diagram shows a sketch of the curve VA
with equation y = f(x). The points 4(0, 2), B(1, 0),
C(4, 4) and D(6, 0) lie on the curve.

Sketch the following graphs and give the coordinates
of the points A, B, C and D after each transformation:

a f(x+1) b f(x)-4 ¢ f(x+4) B D s
0 X

d f(2x) e 3f(x) f f(3x) ] E'\

g 3f(x) h f(-x)

C(4,4)

2 The curve y = f(x) passes through the origin and YA
has horizontal asymptote y = 2 and vertical
asymptote x = 1, as shown in the diagram.

Sketch the following graphs. Give the equations y=2
of any asymptotes and give the coordinatesof @ —_ |
intersections with the axes after each transformation.

a f(x)+2 b f(x+1) ¢ 2f(x)
d f(x)-2 e f(2x) f f(3x)
g 3f(x) h —f(x)

=Y
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3 The curve with equation y = f(x) passes through the YA
points A(—4, —6), B(-2, 0), C(0, -3) and D(4, 0)
as shown in the diagram.

=Y

Sketch the following and give the coordinates of
the points 4, B, C and D after each transformation.

f(x -2) b f(x)+6 ¢ f(2x)
f(x +4) e f(x)+3 f 3f(x)
+f(x) h f(3x) i —f(x)
i f(=x)

A(4, -6)

=] (= VI ]

4 A sketch of the curve y = f(x) is shown in the | VA
diagram. The curve has a vertical asymptote
with equation x = —2 and a horizontal
asymptote with equation y = 0. The curve

i 1
crosses the y-axis at (0, 1). | \

a Sketch, on separate diagrams, the Y= ' 0
graphs of: |

i 2f(x) ii f(2x) iii f(x - 2)
iv f(x)-1 v f(—x) vi —f(x)
In each case state the equations of any

asymptotes and, if possible, points where
the curve cuts the axes.

=Y

b Suggest a possible equation for f(x).

5 The point P(2, 1) lies on the graph with equation y = f(x).

a On the graph of y = f(ax), the point P is transformed to the point O(4, 1).
Determine the value of a. (1 mark)

b Write down the coordinates of the point to which P maps under each transformation.
i f(x—4) ii 3f(x) iii %f(x) -4 (3 marks)

® 6 The diagram shows a sketch of a curve with equation y = f(x).
The points A(-1, 0), B(0, 2), C(1, 2) and D(2, 0) lie on the curve.

Sketch the following graphs and give the coordinates of the points
A, B, C and D after each transformation:

a y+2=f(x) b 3y="f(x) Problem-solving

¢ y=3=1fx) d 3y=1(x) Rearrange each equation
e 2y—1=1f(x) into the form y = ...

il
A
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Chapter review o SN  EXECUTIVE FUNCTION

1 a On the same axes, sketch the graphs of y = x*(x — 2) and y = 2x — x2.

b By solving a suitable equation, find the points of intersection of the two graphs.

: : 6
® 2 a On the same axes, sketch the curves with equations y=—and y =1+ x.
b The curves intersect at the points 4 and B. Find the coordinates of 4 and B.

¢ The curve C with equation y = x? + px + ¢, where p and ¢ are integers, passes through 4 and B.
Find the values of p and g.

d Add Cto your sketch.

3 The diagram shows a sketch of the curve y = f(x).
The point B(0, 0) lies on the curve and the point 4(3, 4) is a maximum point.
The line y = 2 is an asymptote.

A3, 4)

=Y

Sketch the following, and in each case give the coordinates of the new positions of 4 and B and
state the equation of the asymptote:

a f(2x) b 3f(x) ¢ flx)-2

d f(x+3) e f(x-23) f fx)+1
VA

@ 4 The diagram shows the curve with equation

¥y =5+ 2x — x* and the line with equation y = 2.
The curve and the line intersect at the points
A and B. y B y=2

Find the x-coordinates of 4 and B. (4 marks) / \
/ 0 \ X
y=5+2x-x?
® 5 The diagram shows a sketch of the curve with r4

equation y = f(x).

On separate axes, sketch the curves with equations:
a y=f(-x) (2 marks)
b y=-f(x) (2 marks)

Mark on each sketch the x-coordinate of any point, 7
or points, where the curve touches or crosses the x-axis. 2\

=y
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-

6 The diagram shows the graph of the quadratic function f(.x). Vi
The graph meets the x-axis at (1, 0) and (3, 0) and the
minimum point is (2, —1).

a Find the equation of the graph in the form
y=ax’+ bx + c. (2 marks)

b On separate axes, sketch the graphs of
i y=f(x+2) i p=12x). (2 marks) 1

¢ On each graph, label the coordinates of the 0 \._/
points at which the graph meets the x-axis and 2.-1)

label the coordinates of the minimum point.

7 f(x)=(x = D(x=2)(x + 1).

a State the coordinates of the point at which the graph y = f(x) intersects the y-axis.

b The graph of y = af(x) intersects the y-axis at (0, —4). Find the value of a.

¢ The graph of y = f(x + b) passes through the origin. Find three possible values of 5.

® 8 The point P(4, 3) lies on a curve with equation y = f(x).

(1 mark)
(1 mark)
(3 marks)

a State the coordinates of the point to which P is transformed on the curve with equation:
i y=1f(3x) ii %y =f(x) iii y=fx-95) iv-py=_flx) v 2y+2)=_f(x)
b P is transformed to point (2, 3). Write down two possible transformations of f(x).

¢ Pistransformed to point (8, 6). Write down a possible transformation of f(x) if

i f(x)is translated only ii f(x)1s stretched only.
9 a Factorise completely x* — 6x% + 9x. (2 marks)

b Sketch the curve of y = x* — 6x2 + 9x, showing clearly the coordinates of the

points where the curve touches or crosses the axes. (4 marks)
¢ The point with coordinates (-4, 0) lies on the curve with equation

y=(x—-k)’—6(x—k)*+ 9(x — k) where k is a constant.

Find the two possible values of k. (3 marks)

(®) 10 f(x) = x(x -2y

Sketch, on separate axes, the graphs of:
a y=1{(x) (2 marks)
b y=1f(x+3) (2 marks)

Show on each sketch the coordinates of the points where each graph crosses or meets the axes.

(E) 11 Given that f(x) = lr x#0

a Sketch the graph of y = f(x) — 2 and state the equations of the asymptotes. (3 marks)
b Find the coordinates of the point where the curve y = f(x) — 2 cuts

a coordinate axis. (2 marks)
¢ Sketch the graph of y = f(x + 3). (2 marks)

d State the equations of the asymptotes and the coordinates of the point where
the curve cuts a coordinate axis.

(2 marks)
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Challenge

The point R(6, —4) lies on the curve with equation y = f(x). State the coordinates
that point R is transformed to on the curve with equation y = f(x + ¢) - d.

Summary of key points

1 If pisaroot of the function f(x), then the graph of y = f(x) touches or crosses the x-axis at
the point (p, 0).

2 Thegraphsof y= % and y = % where k is a real constant, have asymptotes at x=0and y=0.

3 The x-coordinate(s) at the point(s) of intersection of the curves with equations y = f(x) and
vy = g(x) are the solution(s) to the equation f(x) = g(x).

4 The graph of y = f(x) + a is a translation of the graph y = f(x) by the vector (g)

5 The graph of y =f(x + a) is a translation of the graph y = f(x) by the vector (_g).
6 When you translate a function, any asymptotes are also translated.

7 The graph of y = af(x) is a stretch of the graph y = f(x) by a scale factor of a
in the vertical direction.

8 The graph of y =f(ax) is a stretch of the graph y = f(x) by a scale factor of%
in the horizontal direction.

9 The graph of y = —f(x) is a reflection of the graph of y = f(x) in the x-axis.
10 The graph of y = f(—x) is a reflection of the graph of y = f(x) in the y-axis.



REVIEW EXERCISE

Review exercise

Do not use your calculator for this question. 7 Do not use your calculator for this question.

a Write down the value of 8.
b Find the value of 8.

)
2)

« Section 1.4

Do not use your calculator for this question.
a Find the value of 125, ()

b Simplify 24x2 + 18x:. (2)

« Sections 1.1, 1.4

Do not use your calculator for this question.
a Express v80 in the form a5,

where a is an integer. (2)
b Express (4 —v5)? in the form b + ¢/3,
where b and c¢ are integers. (2)

< Section 1.5

Do not use your calculator for this question.
a Expand and simplify

(4 +3)(4 - V3). (2)
b Express 267_ in the form a + V3,
4 +V3
where ¢ and b are integers. (3)

« Sections 1.5, 1.6

Here are three numbers:
1 -vk,2+5/k and 2Vk
Given that & is a positive integer, find:
a the mean of the three numbers (2)
b the range of the three numbers. (1)
« Section 1.5

Given that y = %x‘ﬂ express each of the

following in the form kx”, where k and n
are constants.

a y!
b 5y:

)
(1)

< Section 1.4

Find the area of this trapezium in cm?.

Give your answer in the form a + bv2,

where « and b are integers to be found. (4)
¢ Section 1.5

«~—(3+V2)cm—

|

22cm

|

< (5+3V2)em >

® 8 Do not use your calculator for this question.

(® 10

Given thatp=3-2/2and ¢g=2 -2,
find the value of £ q.

P—q
Give your answer in the form m + ny/2,
where m and n are rational numbers
to be found.

4

« Sections 1.5, 1.6

a Factorise the expression
x2 - 10x +16. (1)
b Hence, or otherwise, solve the equation
8% —10(8") + 16 = 0. (2)

« Sections 1.3, 2.1

x?—8x-29=(x+a)’+b, where a and b
are constants.

a Find the value of ¢ and the value
of b.

b Hence, or otherwise, show that the
roots of x2—8x—-29=0are c + d/5,
where ¢ and d are integers. (3)

& Sections 2.1, 2.2

(2)
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EP) 12

® 13

@ 14

The functions f and g are defined as
f(x)=x(x-2)and g(x) =x + 5, x eR.
Given that f(a) = g(a) and a > 0,

find the value of « to three significant
figures.

3)

« Sections 2.1, 2.3

a Given that f(x) = x> - 6x+ 18, x =0,
express f(x) in the form (x — a)? + b,
where ¢ and b are integers. (2)

The curve C with equation y = f(x),

x = 0, meets the y-axis at P and has a

minimum point at Q.

b Sketch the graph of C, showing the
coordinates of P and Q.

The line y = 41 meets C at the point R.

¢ Find the x-coordinate of R, giving
your answer in the form p + g2,
where p and ¢ are integers. (2)
<« Sections 2.2, 2.4

3)

The function h(x) = x2 + 2V2x + k has
equal roots.

a Find the value of k. (1)

b Sketch the graph of y = h(x), clearly
labelling any intersections with the
coordinate axes. (3)

« Sections 1.5, 2.4, 2.5

The function g(x) is defined as
g(x)=x"-7x6-8x3, xeR.

a Write g(x) in the form x*(x* + a)(x* + b),
where a and b are integers. (1)

b Hence find the three roots of g(x). (1)

« Section 2.3

Given that
x2+ 10x +36=(x +a)*+ b,
where ¢ and b are constants,

a find the value of ¢ and the value
of b.

b Hence show that the equation
x2 + 10x + 36 = 0 has no real roots.

(2)

2)

The equation x> + 10x + k=0
has equal roots.

(E/P) 16

REVIEW EXERCISE

¢ Find the value of k.

d For this value of k, sketch the graph
of y = x> + 10x + k, showing the
coordinates of any points at which
the graph meets the coordinate
axes.

(2)

3

« Sections 2.2, 2.4, 2.5

Given that x>+ 2x+ 3=(x + a)’ + b,

a find the value of the constants
a and b. (2)

b Sketch the graph of y = x? + 2x + 3,
indicating clearly the coordinates of
any intersections with the coordinate

axes. 3)

¢ Find the value of the discriminant of
x2 + 2x + 3. Explain how the sign of
the discriminant relates to your sketch
in part b. (2)

The equation x?> + kx + 3 =0, where k is a
constant, has no real roots.

d Find the set of possible values of £,
giving your answer in surd form.  (2)
¢ Section 2.2, 2.4, 2.5

a By eliminating y from the equations:
yv=x-4
2x2—xy =38
show that
x2+4x -8 =0.

b Hence, or otherwise, solve the
simultaneous equations:

(2)

yv=x-4
D=8
giving your answers in the form
a * b3, where a and b are integers. (4)

« Section 3.2

Find the set of values of x for which:

g 2+ 1) 5—2% (2)

b 2x2-7x+3>0 3)

¢ both32x+1)>5-2xand
2x?=Tx+3>0. (1)

< Sections 3.4, 3.5
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EP) 19

(&) 20

@

The functions p and q are defined as

p(x) =-2(x + 1) and q(x) = x2 - 5x + 2,

x € R. Show algebraically that there is no
value of x for which p(x) = q(x). 3)

+ Sections 2.3, 2.5

a Solve the simultaneous equations:
y+2x=35

2x?=3x-y=16 (5
b Hence, or otherwise, find the set of
values of x for which:
2x?=3x-16>5-2x (2)

« Sections 3.2, 3.5

The equation x* + kx + (k + 3) = 0, where
k 1s a constant, has different real roots.

a Show that k2 -4k -12 > 0. (2)
b Find the set of possible values of k. (2)

<« Sections 2.5, 3.5

Find the set of values for which

<2 xE—3,

(6)

« Section 3.4

xX+5

The functions f and g are defined as

f(x) =9 — x? and g(x) = 14 - 6x, x € R.

a On the same set of axes, sketch the
graphs of y = f(x) and y = g(x). Indicate
clearly the coordinates of any points
where the graphs intersect with each
other or the coordinate axes. (S)

b On your sketch, shade the region that
satisfies the inequalities y > 0 and

f(x) > g(x). (1)
« Sections 3.2, 3.3, 3.7
a Factorise completely x* — 4x. (1)

b Sketch the curve with equation
y = x° — 4x, showing the coordinates
of the points where the curve crosses
the x-axis. (2)
¢ On a separate diagram, sketch the
curve with equation
y=(x-1)P -4x-1)
showing the coordinates of the points
where the curve crosses the x-axis. (2)

< Sections 1.3, 4.1, 4.5

) 25

® 26

L

/.

0 4 X

P(3,-2)

The figure shows a sketch of the curve with
equation y = f(x). The curve crosses the
x-axis at the points (2, 0) and (4, 0). The
minimum point on the curve is P(3, -2).
In separate diagrams, sketch the curves
with equation

a y=—f(x) (2)
b y=1{(2x) (2)
On each diagram, give the coordinates of
the points at which the curve crosses the
x-axis, and the coordinates of the image
of P under the given transformation.

¢ Sections 4.5, 4.6

4
\ X

The figure shows a sketch of the curve
with equation y = f(x). The curve passes
through the points (0, 3) and (4, 0) and
touches the x-axis at the point (1, 0).

O‘l

On separate diagrams, sketch the curves
with equations

a y=f(x+1) (2)
b y=2f(x) (2)
¢ y=1fl3x] 2

On each diagram, show clearly the
coordinates of all the points where the
curve meets the axes.

« Sections 4.4, 4.5, 4.6
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@

Given that f(x) = %, x # 0,
a sketch the graph of y =f(x) + 3
and state the equations of the
asymptotes (2)
b find the coordinates of the point
where y = f(x) + 3 crosses a
coordinate axis. (2)
« Sections 4.2, 4.4

The point (6, —8) lies on the graph of
y = f(x). State the coordinates of the
point to which P is transformed on the
graph with equation:

a y=-f(x) (1)
b y=f(x-3) (1)
¢ 2y=1(x) (1)

« Section 4.6

The curve C, has equation y = —%_, where
a 18 a positive constant.

The curve C, has equation y = (x — b)?,
where b is a positive constant.

a Sketch C, and C; on the same set of
axes. Label any points where either
curve meets the coordinate axes,
giving your coordinates in terms

of @ and b. (4)

b Using your sketch, state the number
of real solutions to the equation
x(x-52=-7. (1)

« Sections 4.2, 4.3

REVIEW EXERCISE

30 a Sketch the graph of y = # — 4,

showing clearly the coordinates of
the points where the curve crosses
the coordinate axes and stating

the equations of the asymptotes.  (4)

e

b The curve with equation y = G+ IR
passes through the origin. Find the
two possible values of k. (2)

« Sections 4.2, 4.4, 4.6

(o EIENT-0 REL(NE) CREATIVITY, INNOVATION

1 a Solve the equation x> — 10x + 9 =0.

b Hence, or otherwise, solve the equation
37-2(3* — 10) = -1, &« Sections 1.1, 1.3, 2.1

2 Arectangle has an areaof 6cm?and a

perimeter of 8/2 cm. Find the dimensions of the
rectangle, giving your answers as surds in their
simplest form. « Sections 1.5, 2.2

Show algebraically that the graphs of
y=3x"+x2—xand y=2x(x - 1)(x + 1) have
only one point of intersection, and find the
coordinates of this point. ¢ Section 3.3



5 STRAIGHT LINE
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Learning objectives

After completing this unit you should be able to:
® C(alculate the gradient of a line joining a pair of points - pages 86-87

® Understand the link between the equation of a line,
and its gradient and intercept -» pages 87-89

Find the equation of a line given (i) the gradient and
one point on the line or (ii) two points on the line -» pages 89-92

Know and use the rules for parallel and perpendicular gradients
-» pages 93-96
Find the point of intersection for a pair of straight lines - pages 97-99

Solve length and area problems on coordinate grids -» pages 96-99
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1 Find the point of intersection of each pair of lines:
a y=4x+T7and5y=2x-1
b y=5x-1and3x+7y=11
c 2x-5y=-land5x-T7y=14

« International GCSE Mathematics
Simplify each of the following:
a /80 b 200 ¢ /125 « Section 1.5

Make y the subject of each equation:

A landscape architect can use a
straight-line graph to estimate how
S (ong it will take for a tree to grow to

B o given height if it continues at the  FEieues a 6x+3y-15=0 b 2x-5y-9=0
Slse current rate. Eois - € 3x-T7y+12=0
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You can find the gradient of a straight line joining two points - (2, 1)
by considering the vertical distance and the horizontal
distance between the points.

= The gradient m of a line joining the point with coordinates
(x1,71) to the point with coordinates (x5, y)

Y= 0
X=X

m Explore the gradient O
3ETNE o formula using GeoGebra.

Work out the gradient of the line joining (-2, 7) and (4, 5).

=Y

can be calculated using the formula m =

VA
(—2, 7)
~
ﬂ---.k (4, 5)
0 g
ety
= ——5 = = __2_ = _1_- Use m = X5 x Here (-:""1 s ) ( 2- ?) and
w2 MR (2 ¥ = (4, 5).

Example o Y wrerpremation

The line joining (2, =5) to (4, a) has gradient —1. Work out the value of a.

a —{-3) 1 Use m = i’z -?. Here m = -1, (x;, y,) = (2, =5)
bl et JRSORE (0 Xz — X3
e and (x,, ;) = (4, a).
gHs .
S0 5 1
a+5=-
a=-7/

Exercise m INTERPRETATION

Work out the gradients of the lines joining these pairs of points:

a (4,2), (6, 3) b (-1, 3),(5,4) ¢ 649019
d (2,-3),(6,95) e (-3,4), (7, -6) f (-12,3),(-2,8)
g (-2,-4),(10,2) h (3,2),(34) i (3.32). (39

i (-2.4,9.6),(0,0) k (1.3,-2.2), (8.8, —-4.7) I (0, 5a), (10a, 0)

m (3b, =2b), (7b, 2b) n (p,p%. (¢ ¢
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2 The line joining (3, =5) to (6, a) has gradient 4. Work out the value of «.

3 The line joining (5, b) to (8, 3) has gradient —3. Work out the value of 5.

4 The line joining (¢, 4) to (7, 6) has gradient %. Work out the value of c.

5 The line joining (-1, 2d) to (1, 4) has gradient —%. Work out the value of d.
6 The line joining (-3, =2) to (2e, 5) has gradient 2. Work out the value of e.
7 The line joining (7, 2) to ( f, 3/) has gradient 4. Work out the value of f.

8 The line joining (3, —4) to (—g, 2¢) has gradient —3. Work out the value of g.

(P) 9 Show that the points A(2, 3), B(4, 4) and Problem-solving

C(10,7) can be joined by a straight line. Find the gradient of the line joining the points
A and B, and the line joining the points 4 and C.

10 Show that the points A(-2a, 5a), B(0, 4a) M Points are collinear if they all lie on

and C(6a, a) are collinear. (3 marks) the same straight line

® The equation of a straight line can be written in the form
y =mx + ¢, where m is the gradient and c is the y-intercept.

® The equation of a straight line can also be written in the
form ax + by + ¢ = 0, where g, b and ¢ are integers.

0 X
EIE o
Write down the gradient and y-intercept of these lines:
a y=-3x+2 b 4x-3y+5=0
: ; Compare y = =3x + 2 with y = mx + ¢.
& lient = — a y-int e S i
8 SeEegen ) SRl ( ) From this, m=-3 and ¢ = 2.
b _1.-‘:-;5_1'4—% ‘
Gradient = % and y-intercept = (O, 2). Rearrange the equation into the form y = mx + c.

From this,m =3 and ¢ = 2.

\VEL I (Jse fractions rather than decimals

in coordinate geometry questions.
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Write these lines in the form ax + by + ¢ = 0:
a y=4x+3 by=—%x+5

Rearrange the equation into the form

a 4x-y+3=0:
ax+by+c=0.

b sx+y-5=0

X+2y-10=0 — Collect all the terms on one side of the equation.

FENE o m ANALYSIS

The line y = 4x — 8 meets the x-axis at the point 2 Work out the coordinates of P.

A =) s The line meets the x-axis when y =
A A so substitute y = Ointo y = 4x - 8.
o L
So P has coordinates (2, Q). Rearrange the equation for x.

— Always write down the coordinates of the point.

Exercise m ANALYSIS

Work out the gradients of these lines:

a y=-2x+95 b y=—-x+7 Ey—4+3x
dy:_%.r—Z E.}::—%x f .]’=EJL+3

g 2x—-4y+5=0 h 10x-5y+1=0 i —x+2y-4=0
j 3x+6y+7=0 k 4x+2y-9=0 I 9x+6y+2=0

2 These lines cut the y-axis at (0, ¢). Work out the value of ¢ in each case.
I 2

ﬂy=—:~:+4 h_}f—Zx:—S C Vy=3X—3
dy:_:}x ¢ 1"2%},4‘— f}f:Z—?x
g Ix-4+8=0 h 4x-5y-10=0 i 2x+y-9=0
] Tx+4y+12=0 k 7x-2y+3=0 I —5x+4y+2=0

3 Write these lines in the form ax + by + ¢ = 0.

a y=4x+3 b y=3x-2 ¢ y=-6x+7
d y=3x-6 e p=3x+2 f y=1x

g y=2x—-73 h y=—3x+% i _}:z—ﬁx—%
i y=—%x+% l{_}fz%}:+% 1 y=%x+%

4 The line y = 6x — 18 meets the x-axis at the point P. Work out the coordinates of P.
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5 The line 3x + 2y = 0 meets the x-axis at the point R. Work out the coordinates of R.

6 The line 5x — 4y + 20 = 0 meets the y-axis at the point 4 and the x-axis at the point B.
Work out the coordinates of 4 and B.

7 A line / passes through the points with coordinates (0, 5) and (6, 7).
a Find the gradient of the line.

b Find an equation of the line in the form ax + by + ¢ = 0.

® 8 A line / cuts the x-axis at (5, 0) and the y-axis at (0, 2).
a Find the gradient of the line. (1 mark)

b Find an equation of the line in the form ax + by + ¢ = 0. (2 marks)

® 9 Show that the line with equation ax + by + ¢ =0 Problem-solving
=

: a :
has gradient — and cuts the y-axis at — .

b b In question 9, try solving a similar problem
. ) ith numbers first:
@ 10 The line / with gradient 3 and y-intercept (0, 5) T
has the equation ax — 2y + ¢ = 0. Find the gradient and y-intercept of the
Findthesatissot aamd e (2 marks) straight line with equation 3x + 7y + 2 =0.

@ 11 The straight line / passes through (0, 6) and has gradient —2. It intersects the line with
equation 5x — 8y — 15 = 0 at point P. Find the coordinates of P. (4 marks)

(E/P) 12 The straight line /, with equation y = 3x — 7 intersects the straight line /, with equation
ax + 4y — 17 =0 at the point P(-3, b).

a Find the value of b. (1 mark)
b Find the value of a. (2 marks)

Challenge

Show that the equation of a straight line through (0, @) and (b, 0) is ax + by —ab = 0.

@ Equations of straight lines

You can define a straight line by giving:

+ one point on the line and the gradient “ ,
This is any point

+ two different points on the line VA on the line.

You can find an equation of the line from either This is the .
of these conditions. point on \ Wi |
the line :

= The equation of a line with gradient m that you know,
passes through the point with coordinates A
(x,, ¥;) can be written as y — y, = m(x — x,).

A
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Example o

Find the equation of the line with gradient 5 that passes through the point (3, 2).

y-2=5x-23) This is in the form y =y, = m(x -
o e Here m =5 and (x, ;) = (3, 2).

y=5x-13
@ Explore lines of a given

passing through a given point us
Example o m INTERPRETATION

Find the equation of the line that passes through the points (5, 7) and (3, —1).

e A S | Y First find the slope of the line.
Lo e S Here (x,, 1) = 3, -1) and (x,, 1)
So y—y=mlx—x) (x1, y1) and (x,, ) have been ch

y+1=4(x-3) denominators positive.

)+ 1=4x-12
g ' You know the gradient and a poi

y=4x-13 S0 use y - y; = m(x — xy).

Exercise @ m INTERPRETATION

1 Find the equation of the line with gradient m that passes through the point (x,,

Usem =4, x;,=3and y, =-1.

a m=2and (x, y;) =(2,5) b m=3and (x,y)=(-2,1)

¢ m=-1and (x, ;) =(3, -6) d m=-4and (x, ) =(-2,-3)
e m=yand (x,, ;) = (-4, 10) f m=-3%and (x;,y;) = (-6, -1)
g m=2and (x, y)) =(a, 2a) h m= —% and (xy, y;) = (=20, 3b)

2 Find the equations of the lines that pass through these pairs of points:

a (2,4)and (3, 8) b (0,2)and (3, 5)
¢ (-2,0)and (2, 8) d (5,-3)and (7, 5) fir
e (3,-1)and (7,3) f (-4, -1)and (6, 4) th
g (-1, -5)and (-3, 3) h (-4, -1) and (-3, -9) i
i (3,9)and G5 i -ppand(@.3

@ 3 Find the equation of the line / which passes through the points A(7, 2) and B(9,
Give your answer in the form ax + by + ¢ = 0.

4 The vertices of the triangle A BC have coordinates A(3, 5), B(-2, 0) and C(4, -1)
Find the equations of the sides of the triangle.
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S5 The straight line / passes through (a, 4) and Problem-solving

(3a, 3). An equation of /is x + 6y + ¢ = 0. It is often easier to find unknown

Find the value of @ and the value of c. (3 marks) values in the order they are given
6 The straight line / passes through (7a, 5) and (3a, 3). 10 the'guestion: Bind i valls o
: : first, then find the value of .
An equation of /1s x + by — 12 =0.
Find the value of ¢ and the value of b. (3 marks)

Challenge

Consider the line passing through points (x,, y,) and (x, ;).
a Write down the formula for the gradient, m, of the line.
b Show that the general equation of the line can be written in the form

S N

Ya=Y1 Xa— Xy

¢ Use the equation from part b to find an equation of the line passing through the
points (-8, 4) and (-1, 7).

The line y = 3x — 9 meets the x-axis at the point A. Find the equation of the line with gradient % that
passes through point 4. Write your answer in the form ax + by + ¢ = 0, where a, b and ¢ are integers.

. : vy
D=3x-9s0x=3 4is the pomt {3 O:] @ Plot the solution on a graph O

y-0=2(x-3) using technology. '
3y=2x-6
Px+3y+6=0 -

The line meets the x-axis when y =0,
so substitute y = 0 into y =3x — 9.

Use y — y, = m(x — x,). Here m = £ and
(x1, y1) = (3, 0).

Rearrange the equation into the form
Example o L) anawvsis ax + by + ¢ =0,

The lines y = 4x — 7 and 2x + 3y — 21 = 0 intersect at the point A. The point B has coordinates (-2, 8).
Find the equation of the line that passes through points 4 and B. Write your answer in the form
ax + by + ¢ =0, where a, b and ¢ are integers.

. | i
ex & Xt F) =220 @ Check solutions to simultaneous

2x +12x-21-21=0 equations using your calculator.

14x = 42
N=5 : _ )
y=4(3) -7 =5 so0 A is the point (3, 5). -l Solve the equations simultaneously to find point A.
] Substitute y=4x -7 into 2x + 3y — 21 =0.
sos Je Tl o -5 3_ o i
Kk CmEed D 5

3 — Find the slope of the line connecting 4 and B.
b e A
3
oy —25=-3x+9 Use y — y; = m(x — x,) with m = -3 and
3x+5y-34=0 =13, 5)
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Exercise m ANALYSIS

@G 060 @ G

10

11

12

13

14

15

16

The line y = 4x — 8 meets the x-axis at the point 4.
Find the equation of the line with gradient 3 that passes through the point A.

The line y = =2x + 8 meets the y-axis at the point B.
Find the equation of the line with gradient 2 that passes through the point B.

The line y = %.x + 6 meets the x-axis at the point C. Find the equation of the line with gradient %
that passes through the point C. Write your answer in the form ax + by + ¢ =0, where a, b and
¢ are integers.

The line y = %A: + 2 meets the y-axis at the point B. The point C has coordinates (-5, 3).

Find the gradient of the line joining the points B and C.
Problem-solving

A sketch can help you check whether
or not your answer looks correct.

The line that passes through the points (2, —5) and (-7, 4)
meets the x-axis at the point P. Work out the coordinates
of the point P.

The line that passes through the points (-3, —5) and (4, 9) meets the y-axis at the point G.
Work out the coordinates of the point G.

The line that passes through the points (3, 2%) and (—l%, 4) meets the y-axis at the point J.
Work out the coordinates of the point J.

The lines y = x and y = 2x — 5 intersect at the point 4. Find the equation of the line with
gradient % that passes through the point A4.

The lines y = 4x — 10 and y = x — 1 intersect at the point 7. Find the equation of the line with
L] j L] - *

gradient —3 that passes through the point 7. Write your answer in the form ax + by + ¢ =0,

where a, b and ¢ are integers.

The line p has gradient % and passes through the point (6, —12). The line ¢ has gradient —1 and
passes through the point (35, 5). The line p meets the y-axis at 4 and the line ¢ meets the x-axis
at B. Work out the gradient of the line joining the points 4 and B.

The line y = —=2x + 6 meets the x-axis at the point P. The line y = %x — 4 meets the y-axis at the
point Q. Find the equation of the line joining the points P and Q.
The line y = 3x — 5 meets the x-axis at the point M. The line y = —_%x + %meets the y-axis at the

point N. Find the equation of the line joining the points M and N. Write your answer in the
form ax + by + ¢ = 0, where a, b and ¢ are integers.

The line y = 2x — 10 meets the x-axis at the point 4. The line y = —2x + 4 meets the y-axis at the
point B. Find the equation of the line joining the points 4 and B.

The line y = 4x + 5 meets the y-axis at the point C. The line y = —=3x — 15 meets the x-axis at
the point D. Find the equation of the line joining the points C and D. Write your answer in the
form ax + by + ¢ = 0, where a, b and ¢ are integers.

The lines y = x — 5 and y = 3x — 13 intersect at the point S. The point 7 has coordinates (-4, 2).
Find the equation of the line that passes through the points S and 7.

The lines y = =2x + 1 and y = x + 7 intersect at the point L. The point M has coordinates (-3, 1).
Find the equation of the line that passes through the points L and M.
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m Parallel and perpendicular lines

Parallel lines have the same gradient. A

Y

I\

A line is parallel to the line 6.x + 3y — 2 = 0 and it passes through the point (0, 3).
Work out the equation of the line.

Rearrange the equation into the form y = mx + ¢

6x +3y-2=0- to find m.
3y -2 =-6x
S e = A Compare y = —-2x + % with y = mx + ¢, som = -2.
y=-2x+5% Parallel lines have the same gradient, so the

gradient of the required line = -2.

The gradient of this line is =2.+

The equation of the line is y = —2x + 3. (0, 3) is the intercept on the y-axis, so ¢ = 3.

Exercise @ EXE) anawvsis

1

¢ 2
® 3

Work out whether or not each pair of lines is parallel.
a yp=5ix-2 b 7x+14y-1=0 ¢c 4x-3y-8=0
15x=3y+9=0 y=3x+9 3x-4y-8=0

The line r passes through the points (1, 4) and (6, 8) and the line s passes through
the points (5, —=3) and (20, 9). Show that the lines r and s are parallel.

The coordinates of a quadrilateral ABCD are A(-6, 2), B(4, 8), @ A trapezium has exactly
C(6, 1) and D(-9, —8). Show that the quadrilateral is a trapezium. ©ne pair of parallel sides.

A line is parallel to the line y = 5x + 8 and its y-intercept is (0, 3). m The line will have
Write down the equation of the line. gradient 5.

A line is parallel to the line y = —_%.x‘ + 1 and its y-intercept is (0, —4). Work out the equation of
the line. Write your answer in the form ax + by + ¢ = 0, where a, b and ¢ are integers.

A line is parallel to the line 3x + 6y + 11 =0 and its intercept on the y-axis 1s (0, 7).
Write down the equation of the line.

A line is parallel to the line 2x — 3y — 1 = 0 and it passes through the point (0, 0).
Write down the equation of the line.

Find an equation of the line that passes through the point (-2, 7) and is parallel
to the line y = 4x + 1. Write your answer in the form ax + by + ¢ = 0.
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Perpendicular lines are at right angles to each other.
If you know the gradient of one line, you can find the

ol .
gradient of the other. - The shaded triangles

are congruent.

Line /; has gradient
a_
=
Line /, has gradient
b__1
a m

= |f aline has a gradient of m, a line

perpendicular to it has a gradient of e

= |f two lines are perpendicular, the product
of their gradients is —1.

m

Work out whether these pairs of lines are parallel, perpendicular or neither:
a3x—y-2=0 b y=1x
x+3y-6=0 2x -y +4=0

2 Aax=y=2=0 Rearrange the equations into the form y = mx + c.
3x =2 =3
56 p=3x-—2
The gradient of this line is 3.

xX+3y-6=0
3y-6==x
Ay=-x+6
¥y = _T‘;J_"‘"- + 2

The gradient of this line is —3 . Compare y = ‘IEX +2with y=mx+¢,som= -

1
T

So the lines are perpendicular as

3 x(-3)=-1.

il

%}.: with y =mx + ¢, som =

M| —

b y=3x- Compare y =
The gradient of this line is

Rearrange the equation into the form y = mx + ¢

2x-y+4=0
C AN I to find m.
So y=2x+4
The gradient of this line is 2. Compare y = 2x + 4 with y =mx + ¢, s0m = 2.

The lines are not parallel as they have

different gradients.

The lines are not perpendicular as @ Explore this solution O

zX 2% using technology. L




STRAIGHT LINE GRAPHS CHAPTER 5

A line is perpendicular to the line 2y — x — 8 = 0 and passes through the point (5, -7).
Find the equation of the line.

‘ 1 Problem-solving
Rearranging, y =sx + 4

Fill in the steps of this problem yourself:

Gradient of y = =x + 4 is — D
radient of y=5x+4is 3 * Rearrange the equation into the form

So the gradient of the perpendicular line is —2. y = mx + ¢ to find the gradient.
y=yi=m(x —x)) * Use —l to find the gradient of a
y+7=-2(x-5) perpendu:ular line.

D% 5 equation of the line.
Yome X

Exercise m ANALYSIS

Work out whether these pairs of lines are parallel, perpendicular or neither:

ay=4‘1+2 byz_;.x:—] c y=%x+9
y:—%x—? yz_%.x:—]l y=5x+9

d y=-3x+2 e y=%.x:+4 f y=%x
R y=-3x-1 y=3x -3

g y=5x-3 h Sx—y-1=0 i y=-3x+8
Sx—p+4=0 y=—ix 2x-3y-9=0

i 4x-5yp+1=0 k 3x+2y-12=0 I Sx—p+2=0
8x —10y-2=0 Ix+3y—-6=0 2x+ 10y —4=0

2 A line is perpendicular to the line y = 6x — 9 and passes through the point (0, 1).
Find an equation of the line.

® 3 A line is perpendicular to the line 3x + 8y — 11 = 0 and passes through the point (0, —8).
Find an equation of the line.

4 Find an equation of the line that passes through the point (6, —2)
and is perpendicular to the line y = 3x + 5.

5 Find an equation of the line that passes through the point (-2, 5)
and is perpendicular to the line y = 3x + 6.

® 6 Find an equation of the line that passes through the point (3, 4)
and is perpendicular to the line 4x — 6y + 7= 0.

7 Find an equatic-n of the line that passes through the point (5, =5) and is perpendicular to the
line y = r + 5. Write your answer in the form ax + by + ¢ = 0, where «, b and ¢ are integers.
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8 Find an equation of the line that passes through the point (-2, —3) and is perpendicular to the
line y = —%x + 5. Write your answer in the form ax + by + ¢ = 0, where a, b and ¢ are integers.

® 9 The line / passes through the points (-3, 0) and (3, -2) Problem-solving

and the line n passes through the points (1, 8) and (=1, 2).  Don’t do more work than you need to.

Show that the lines / and »n are perpendicular. You only need to find the gradients of
both lines, not their equations.

® 10 The vertices of a quadrilateral 4 BCD have coordinates

A(-1,5), B(7, 1), ({5, =3) and D(=3, 1). m The sides of a rectangle
Show that the quadrilateral 1s a rectangle. are perpendicular.

@ 11 A line /, has equation 5x + 11y — 7 = 0 and crosses the x-axis at A.
The line /, is perpendicular to /, and passes through 4.

a Find the coordinates of the point A. (1 mark)

b Find the equation of the line /,. Write your answer in the form ax + by + ¢ = 0. (3 marks)

12 The points A and C lie on the y-axis and the point B lies on the x-axis as shown in the diagram.

VA /
A4 (0, 4) Problem-solving

B (=3.0) Sketch graphs in coordinate geometry problems
0 x are not accurate, but you can use the graph to
make sure that your answer makes sense. In this
question ¢ must be negative,

i{(}‘ )

The line through points 4 and B is perpendicular to the line through points B and C.
Find the value of c. (6 marks)

@ Length and area

You can find the distance between two points 4 and B by

considering a right-angled triangle with hypotenuse A B. (x2, v2)
= You can find the distance d between (x,, y;) and (x,, y,)
by using the formula d = /(x; — x1)2 + (V2 — y1)2. e
0 x
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ET G @ m ANALYSIS

Find the distance between (2, 3) and (5, 7).

' A
J (5, 7) Draw a sketch.
Let the distance between the points be d.

The difference in the y-coordinates is 7 — 3 = 4.

—— The difference in the x-coordinatesis 5 — 2 = 3.

=Y

0
d2 = (5 - 2P + (7 - 3P
= 2,}2 :IF 42_ d=(x;, = X2 + (y, - y))? with
d = ’“"Igd + 42) (e, 1) =12, 3} and Oc, p.0 = (5,7}
=25
=5

m Draw both lines and the

triangle 40B on a graph using technology. i

The straight line /; with equation 4x — y =0 and
the straight line /, with equation 2x + 3y — 21 = 0 intersect at point A.

a Work out the coordinates of A.
b Work out the area of triangle AOB where B is the point where /; meets the x-axis.

a Equation of I, is y = 4x - Rewrite the equation of /; in the form y = mx + c.
2x + Sy~ 21=0
Ox + 3(4x) —21=0» Substitute y = 4x into the equation for /; to find
14x — 21 = O the point of intersection.
14x = 21 A :

A Solve the equation to find the x-coordinate of

il point A.
V= 4 X [%:I = 6

Substitute to find the y-coordinate of point A.

So point 4 has coordinates (:} 6).
— The height is the y-coordinate of point A.

b The tr]amal&: AOB has a hei@ht of & units.

2x+3y—21=0 Bis the point where the line [, intersects the x-axis.
2x + 3(0) =21 =0 At B, the y-coordinate is zero.

ex=21=0

eai %l . Solve the equation to find the x-coordinate of point B.

The triangle AOB has a base length of 5} Area = 1 x base x height
G

units. You don’t need to give units for length and area

21 _63

1 ; x
Arca=sXbxF="7 = problems on coordinate grids.
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Exercise m ANALYSIS

Find the distance between these pairs of points:
a (0,1),(6,9) b (4,-6), (9, 6) ¢ (3,1),(-1,4)
d (3,5),(4,7) e (0,-4),(5,5) £ (<2,-7),(5,1)

2 Consider the points A(=3, 5), B(-2, =2) and C(3, =7). m Two line segments are congruent
Determine whether or not the line joining points if they are the same length.

A and B is congruent to the line joining points B and C.

3 Consider the points P(11, =8), O(4, -3) and R(7, 5). Show that the line segment joining the
points P and Q is not congruent to the line joining the points Q and R.

® 4 The distance between the points (-1, 13) and (x, 9) is vV65. QulalEuBdN LT

Find two possible values of x. Use the distance formula to
formulate a quadratic equation in x.

5 The distance between the points (2, y) and (3, 7) is 3/10. Find two possible values of y.

ORO,

a Show that the straight line /; with equation y = 2x + 4 is
parallel to the straight line /, with equation 6x — 3y -9 =0. The shortest distance

b Find the equation of the straight line /; that is perpendicular between two parallel lines is
to /, and passes through the point (3, 10). the perpendicular distance

¢ Find the point of intersection of the lines / and 4. o Ll

d Find the shortest distance between lines /, and /.

7 A point P lies on the line with equation y = 4 — 3x. The point P is a distance v 34

from the origin. Find the two possible positions of point P. (5 marks)
(P) 8 The vertices of a triangle are A(2, 7), B(5, —6) and C(8, -6). ((TIaiad Scalene triangles have
a Show that the triangle is a scalene triangle. three sides of different lengths.

b Find the area of the triangle ABC.

Problem-solving

Draw a sketch and label the points 4, B and C.
Find the length of the base and the height of the
triangle.

9 The straight line /, has equation y = 7x — 3. The straight line /,
has equation 4x + 3y — 41 = 0. The lines intersect at the point A.

a Work out the coordinates of A.

The straight line /, crosses the x-axis at the point B.

b Work out the coordinates of B.

¢ Work out the area of triangle A0B, where O is the origin.
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10

() 1

The straight line /; has equation 4x — 5y — 10 = 0 and intersects the x-axis at point A4.
The straight line /, has equation 4x — 2y + 20 = 0 and intersects the x-axis at point B.

a Work out the coordinates of A.

b Work out the coordinates of 5.

The straight lines /; and /, intersect at the point C.
¢ Work out the coordinates of C.

d Work out the area of triangle ABC.

The points R(5, —2) and S(9, 0) lie on the straight line /, as shown.

a Work out an equation for straight line /;. (2 marks) A
The straight line /, is perpendicular to /, ;
and passes through the point R.
b Work out an equation for straight line /. (2 marks)
¢ Write down the coordinates of 7. (1 mark) 0
d Work out the lengths of RS and TR

leaving your ansxfer in the form k5. (2 marks) /
e Work out the area of ARST. (2 marks)

The straight line /, passes through the point (-4, 14) and has gradient —%.
a Find an equation for /; in the form ax + by + ¢ = 0, where a, b and ¢ are integers. (3 marks)
b Write down the coordinates of A, the point where straight line /, crosses the y-axis. (1 mark)

The straight line /, passes through the origin and has gradient 3.
The lines /; and /; intersect at the point B.

¢ Calculate the coordinates of B. (2 marks)
d Calculate the exact area of AOAB. (2 marks)

Chapter review o m EXECUTIVE FUNCTION

1

-

The straight line passing through the point P(2, 1) and the point Q(k, 11) has gradient —%.
a Find the equation of the line in terms of x and y only. (2 marks)

b Determine the value of k. (2 marks)

The points A and B have coordinates (k, 1) and (8, 2k — 1) respectively, where k is a constant.
Given that the gradient of AB 1s %

a show that k=2 (2 marks)
b find an equation for the line through 4 and B. (3 marks)

The line L, has gradient % and passes through the point 4(2, 2). The line L, has gradient —1
and passes through the point B(4, 8). The lines L, and L, intersect at the point C.

a Find an equation for L, and an equation for L,. (4 marks)

b Determine the coordinates of C. (2 marks)
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@ 4 a Find an equation of the line / which passes through the points A(1, 0) and B(5, 6). (2 marks)

The line m with equation 2x + 3y = 15 meets / at the point C.

b Determine the coordinates of C. (2 marks)

® 5 The line L passes through the points A(1, 3) and B(-19, —19).
Find an equation of L in the form ax + by + ¢ = 0. where a, b and ¢ are integers. (3 marks)

® 6 The straight line /, passes through the points 4 and B with coordinates (2, 2) and (6, 0)
respectively.

a Find an equation of /,. (3 marks)
The straight line /, passes through the point C with coordinate (-9, 0) and has gradient %.

b Find an equation of /. (2 marks)

7 The straight line / passes through A(1, 3\3) and B(2 + 3, 3 + 4,3).
Show that / meets the x-axis at the point C(-2, 0). (S marks)

The points 4 and B have coordinates (-4, 6) and (2, 8) respectively.
A line p is drawn through B perpendicular to AB to meet the y-axis at the point C.

®

a Find an equation of the line p. (3 marks)

b Determine the coordinates of C. (1 mark)

9 The line / has equation 2x — y — 1 = 0.
The line m passes through the point A4(0, 4) and is perpendicular to the line /.

a Find an equation of m. (2 marks)

b Show that the lines / and m intersect at the point P(2, 3). (2 marks)
The line n passes through the point B(3, 0) and is parallel to the line m.

¢ Find the coordinates of the point of intersection of the lines / and n. (3 marks)

10 The line /; passes through the points 4 and B with coordinates (0, —2) and (6, 7)
respectively. The line /; has equation x + y = 8 and cuts the y-axis at the point C.

The line /; and /; intersect at D.
Find the area of triangle ACD. (6 marks)

@ 11 The points 4 and B have coordinates (2, 16) and (12, —4) respectively.
A straight line /, passes through A4 and B.

a Find an equation for /; in the form ax + by = c. (2 marks)

The line /; passes through the point C with coordinates (-1, 1) and has gradient %

b Find an equation for /. (2 marks)
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12 The points A(-1, =2), B(7, 2) and C(k, 4), where k is a constant, are the vertices of AABC.
Angle ABC is a right angle.

a Find the gradient of AB. (1 mark)
b Calculate the value of k. (2 marks)
¢ Find an equation of the straight line passing through B and C.

Give your answer in the form ax + by + ¢ = 0, where a, b and ¢ are integers. (2 marks)
d Calculate the area of AABC. (2 marks)

13 a Find an equation of the straight line passing through the points with coordinates
(=1, 5) and (4, -2), giving your answer in the form ax + by + ¢ =0,
where a, b and ¢ are integers. (3 marks)

The line crosses the x-axis at the point 4 and the y-axis at the point B, and O is the origin.
b Find the area of AAOB. (3 marks)

® 14 The straight line /, has equation 4y + x = 0.
The straight line /, has equation y = 2x — 3.

a On the same axes, sketch the graphs of /; and /5. Show clearly the coordinates
of all points at which the graphs meet the coordinate axes. (2 marks)

The lines /, and /, intersect at the point 4.
b Calculate, as exact fractions, the coordinates of A. (2 marks)

¢ Find an equation of the line through 4 which is perpendicular to /,.
Give your answer in the form ax + by + ¢ = 0, where a, b and ¢ are integers. (2 marks)

® 15 The points A and B have coordinates (4, 6) and (12, 2) respectively.
The straight line /, passes through 4 and B.

a Find an equation for /; in the form ax + by + ¢ = 0, where @, b and ¢ are integers. (3 marks)
The straight line /, passes through the origin and has gradient —_%.
b Write down an equation for /. (1 mark)

The lines /, and /, intersect at the point C.

¢ Find the coordinates of C. (2 marks)
d Show that the lines 04 and OC are perpendicular, where O is the origin. (2 marks)
e Work out the lengths of O4 and OC. Write your answers in the form kv13. (2 marks)
f Hence calculate the area of AOAC. (2 marks)

16 a Use the distance formula to find the distance between (4a, a) and (=3a, 2a).
Hence find the distance between the following pairs of points:
b (4, 1)and (-3, 2) ¢ (12, 3)and (-9, 6) d (=20, -5)and (15, -10)
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17 A 1sthe point (-1, 5). Let (x, y) be any point on the line y = 3.x.

a Write an equation in terms of x for the distance between (x, y) and 4A(-1, 5). (3 marks)
b Find the coordinates of the two points, B and C, on the line y = 3x

which are a distance of v74 from (-1, 5). (3 marks)
¢ Find the equation of the line /, that is perpendicular to y = 3x

and goes through the point (-1, 5). (2 marks)
d Find the coordinates of the point of intersection between /; and y = 3x. (2 marks)
e Find the area of triangle ABC. (2 marks)

Challenge

1 Find the area of the triangle with vertices A(-2, -2), B(13, 8) and C(-4, 14).

2 Atriangle has vertices A(3, 8), B(9, 9) and C(5, 2) as shown in
the diagram.

The line [, is perpendicular to A B and passes through C.
The line [ is perpendicular to BC and passes through A.
The line [ is perpendicular to AC and passes through B.

Show that the lines /;, , and /; meet at a point and find the
coordinates of that point.

3 Atriangle has vertices A(0, 0), B(a, b) and C(c, 0) as shown in
the diagram.

The line [, is perpendicular to A B and passes through C.
The line [, is perpendicular to BC and passes through A.
The line [ is perpendicular to AC and passes through B.
Find the coordinates of the point of intersection of /;, , and L.
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Summary of key points

1 The gradient m of the line joining the point with
coordinates (x;, ;) to the point with coordinates
(x;, ¥,) can be calculated using the formula

ezl

Xz — X1

=Y

O

>

2 ® The equation of a straight line can be written in the form ¥
y=mx + ¢,

where m is the gradient and (0, ¢) is the y-intercept.

® The equation of a straight line can also be written in
the form

¢
]

ax + by + c=0,
where a, b and ¢ are integers.

=Y

3 The equation of a line with gradient m that passes through the point with coordinates
(x,,1,) can be written as y — y; = m(x — x).

4 Parallel lines have the same gradient.
5 Ifaline has a gradient m, a line perpendicular to it has a gradient of —%.
6 If two lines are perpendicular, the product of their gradients is —1.

7 You can find the distance d between (x;, y;) and (x;, y;) by using the formula

d=/(x; = x1)? + (v, — y1).

8 The point of intersection of two lines can be found using simultaneous equations.
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Learning objectives

After completing this chapter you should be able to:
Use the cosine rule to find a missing side or angle - pages 105-110
Use the sine rule to find a missing side or angle = pages 110-116

Find the area of a triangle using an appropriate

formula -» pages 116-118

Solve problems involving triangles - pages 118-122

Sketch the graphs of the sine, cosine and tangent

functions - pages 123-125

Sketch simple transformations of these graphs - pages 125-129

-2 od
--'__.,.."'d'"
==
=gl
= ‘
==
—
=
— g
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Prior knowledge check

1 Use trigonometry to find the lengths of the
: marked sides.

« International GCSE Mathematics

Find the sizes of the angles marked.

a i b
6.2cm . 2.7¢cm

s Trigonometry in both two and three < InternagonalGCIE Ho N e
dimensions is used by surveyors to work

| ouF djstance‘a and areaabwhen planning Al =il b v
|| building projects. You will also use vl 3 i ' . 1
trigonometry when working with vector ¥, ¢ y=F(x)-3 d y="fGEx)
' quantities in mechanics. ‘

- '
- :
.

f(x) = x% + 3x. Sketch the graphs of

¢« Sections 4.4, 4.5 P
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m The cosine rule

The cosine rule can be used to work out missing sides or angles in triangles.

= This version of the cosine rule is used to find a missing side if you know two sides
and the angle between them:

at=5bh?+ 2 -2bccos A

" You can exchange the letters depending

b on which side you want to find, as long as each side
4 has the same letter as the opposite angle.

4

You can use the standard trigonometric ratios for right-angled triangles to prove the cosine rule:

@ For a right-angled triangle:

_ opposite
o o sinf =
G&@ S hypotenuse
) 2. adjacent
™ cos f =
9 . hypotenuse
Adjacent opposite
tan @ = L
adjacent

Use Pythagoras’ theorem in ACAX.
Use Pythagoras’ theorem in ACBX.

and h?+(c—x¥*=a°-

So X2 —(c— x)2=b%-a®-

]

2ok == b - gt

a2 =502+ c? - 2ex (1)

Subtract the two equations.

- ——

(e=x)2=c2=-2¢cx + x°

- x=bcos A4 (2) Sox2— (¢ —x)2=x2— 2+ 2¢x — X2

So aZ = be + c2 — 2bc cos A

Rearrange.
L Use the cosine ratio cos A = % in ACAX,

—— Combine (1) and (2). This is the cosine rule.

If you are given all three sides and asked to find an angle, the cosine rule can be rearranged.
a® + 2bc cos A=b% + ¢?
2bccos A =b?* + % - d?
b? + ¢ — a?
2b¢
You can exchange the letters depending on which angle you want to find.

Hence cos A =

® This version of the cosine rule is used to find an angle if you know all three sides:

b+ - a? AN
cos A = >ho @ Explore the cosine O

rule using technology. i
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Calculate the length of side 4B in triangle A BC in which AC =6.5cm, BC =8.7cm
and ZACB = 100°.

Label the sides of the triangle with small letters
a, b and ¢ opposite the angles marked.

C a=8.7cm

c2=a? + b? - 2ab cos C-

Write out the formula you are using as the first line
of working, then substitute in the values given.

=8 +E5 -2 %X A7 ¥ 65 X cos 100°

= 7569 + 42.25 - (-19.639...) - L Don’t round any values until the end of your
= 137.57... working. You can write your final answer to
ooie =172 3 significant figures.

S50 AB =11.7cm (3 a.1)

—— Find the square root.

Example a AN ANALYSIS

Find the size of the smallest angle in a triangle whose sides have lengths 3cm, 5cm and 6 cm.

C Label the triangle 4 BC.
The smallest angle is opposite the smallest side
so angle C'is required.

6cm
Scm
“ SR 5
. a® + bE -2 ' SRR
i o~ Use the cosine rule cos C = Sah
SR RER AR
e X @Kl @ Use your calculator to work this E
= 0.8666... out efficiently. '

C=2232%(3 af) »
The size of the smallest angle is 29.2°, L C=c0s51(0.8666...)
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Coastguard station B is 8 km, on a bearing of 060°, from coastguard station A4.
A ship Cis 4.8 km, on a bearing of 018°, away from A4. Calculate how far C is from B.

Problem-solving

If no diagram is given with a question, you
should draw one carefully. Double-check that
the information given in the question matches
your sketch.

' — INnAABC, ZCAB = 60° — 18° = 42°,

b BB e B S o il You now have b = 4.8km, ¢ = 8 km and 4 = 42°.
Use the cosine rule a2 = b2 + ¢ — 2bc cos A.

a? =48+ 867 -2 X 4.6 X & X cos 42°

= 29.966... If possible, work this out in one go using your
E=ari s calculator.

Cis 5.47 km from coastqguard station B.

Take the square root of 29.966... and round your
final answer to 3 significant figures.

In AABC, AB=xcm, BC=(x+2)cm, AC=5cm and ZABC = 6(0°,
Find the value of x.

Use the information given in the question to draw
a sketch.

xcm Scm

c0°

B
(x + 2)cm

b? = a? + ¢ - 2ac cos B
52 =(x + 2)° + x® — 2x(x + 2) cos 60°

G D S e s B e Carefully expand and simplify the right-hand

side. Note that cos 60° = 3.

x2+2x=-21=0-~ L
N V88 Rearrange to the form ax? + bx + ¢ = 0.
o 2
= 3.69cm (3 sf) - | Solve the quadratic equation using the quadratic

formula. « Section 2.1

 Xxrepresents a length so it cannot be negative.
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Exercise @ m PROBLEM SOLVING

Give answers to 3 significant figures, where appropriate.

1 In each of the following triangles, calculate the length of the missing side:

A
4.5\m
B
C

5.5cm

a B C

A 8.4cm

d B e B f
/SWH/\ 10em 10cm
4 45 c y A
6cm o

5.6cm
2 In the following triangles, calculate the size of the angle marked x:
a B b B C B
2.5cm
4cm 8cm 7em
3.5cm
25cm A
A C‘ 4
10em Ao
24cm C
A
d B e 4 f g A8
8cm 7cm
6.2cm
A = L
10cm

3 A plane flies from airport 4 on a bearing of 040° for 120 km
and then on a bearing of 130° for 150 km. Calculate the
distance of the plane from the airport.
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10

ORL

12

From a point A, a boat sails due north for 7km to B. The boat leaves B and moves
on a bearing of 100° for 10 km until it reaches C. Calculate the distance of C from A.

A helicopter flies on a bearing of 080° from A4 to B, where 4B = 50 km.
It then flies for 60 km to a point C.
Given that Cis 80 km from A, calculate the bearing of C from A.

The distance from the tee, T, to the flag, F, on a particular hole of a golf course is 494 yards.
A golfer’s tee shot travels 220 yards and lands at the point S, where ZSTF = 22°.
Calculate how far the ball is from the flag.

Show that cos 4 = % A
d4cm Scm
B 6cm C
Show that cos P = —%. Q0 2cm P
3cm
dcm
R

In AABC, AB=5cm, BC=6cmand AC = 10cm.
Calculate the size of the smallest angle.

In AMABC, AB=93cm, BC=62cmand AC=12.7cm,
Calculate the size of the largest angle.

The lengths of the sides of a triangle are in the ratio 2:3:4.
Calculate the size of the largest angle.

In AABC, AB=(x-3)cm, BC=(x+3)cm, AC=8cm and ZBAC = 60°.
Use the cosine rule to find the value of x.

In AMABC, AB=xcm, BC=(x-4)cm, AC=10cm and ZBAC = 60°,
Calculate the value of x.

In AABC, AB=(5-x)cm, BC=(4+ x)cm, ZABC = 120° and AC = ycm.
a Show that y? = x> — x + 61.

b Use the method of completing the square to find the minimum value of 2,
and give the value of x for which this occurs.
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@ 15 In AABC, AB=xcm, BC=5cm, AC= (10 - x)cm.

4x - 15
2%

a Show that cos ZABC =

b Given that cos ZABC = —%, work out the value of x.

® 16 A farmer has a field in the shape of a quadrilateral as shown.

D 135m c Problem-solving

You will have to use the cosine rule twice.
60m Copy the diagram and write any angles
or lengths you work out on your copy.

75m

A 120m B

The angle between fences AB and AD is 74°. Find the angle between fences BC and CD.

17 The diagram shows three cargo ships, 4, B and C, which are in
the same horizontal plane. Ship B is 50 km due north of ship 4
and ship Cis 70 km from ship A. The bearing of C from A is 020°.

N
A

a Calculate the distance between ships B and C, =
in kilometres to 3 s.f. (3 marks)
S0k
b Calculate the bearing of ship C from ship B. (4 marks) "

A
@ The sine rule
The sine rule can be used to work out missing sides or angles in triangles.
® This version of the sine rule is used to find the length A
of a missing side: . 4
g .. B o B
sind sinB sinC ¢ ¢

You can use the standard trigonometric ratios for right-angled triangles to prove the sine rule:

In a general triangle ABC, draw the perpendicular
from Cto AB. It meets ABat X.

17 The length of CX'is /.

—— Use the sine ratio in triangle CBX.

@ Explore the sine rule using

sin B = g = h=asinB. technology. I
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and sin A= % = h=bsind- Use the sine ratio in triangle CAX.
So asin B=bsin 4
a b b : :
Sy T Divide throughout by sin 4 sin B.

In a similar way, by drawing the perpendicular
from B to the side AC, you can show that:

R -

sin A sin C

SO R - This is the sine rule and is true for all triangles.
sin A sinB sinC

® This version of the sine rule is used to find a missing angle:
sin4d _sinB _sinC
a b c

In AABC, AB=8cm, ZBAC = 30° and £BCA = 40°. Find BC.

Always draw a diagram and carefully add the data.
Here ¢ =8cm, C=40° A =30°and @ = xcm.

In a triangle, the larger a side is, the larger the
opposite angle is. Here, as C > 4, then ¢ > g,
so you know that 8 > x.

a b
sin 4 sinB Use this version of the sine rule to find a missing
g 8 side. Write the formula you are going to use as
=n 30° _ =in 40° the first line of working.
S0 Xx= é?m =20 6.2228... Multiply throughout by sin 30°.
sin 40°
=6.22cm (3 s.f) « Give your answer to 3 significant figures,

HE ]G o Y ((NEJ)  ANALYSIS

In AABC, AB=3.8cm, BC=5.2cm and ZBAC = 35°. Find ZABC.

B

S5 am 5.2 cm Herea=52cm, ¢c=3.8cmand A = 35°.
250 You first need to find angle C.




112 CHAPTER 6 TRIGONOMETRIC RATIOS

sin C _sin 4

sin C sin 4
i S a

Write the formula you are going to use as the first

sin C  sin 35° : :
38 - 50 line of working.
Sednc e 2e Beg Use your calculator to find the value of Cina
> r single step. Don't round your answer at this point.
| BT TS 1

B=180°-(24.781...° + 35°) =120.21... which
rounds to 120° (3 s.f)

B=120° (3 5.f) »

LIRS ANALYSIS

Give answers to 3 significant figures, where appropriate.

1 In each of parts a to d, the given values refer to the general triangle.
a Given thata =8cm, 4 = 30°, B=72°, find b.
b Given thata=24cm, 4 =110° C=22° find c.
¢ Given that b =14.7cm, 4 = 30°, C =95°, find a.
d Given that ¢ =9.8cm, B =68.4°, C =83.7°, find a.

2 In each of the following triangles, calculate the values of x and y.
b

yem

@ In parts ¢ and d,

start by finding the
size of the third angle.
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3

In each of the following sets of data for a triangle ABC, B
find the value of x. a

a AB=6cm, BC=9cm, /BAC=117°, /ACB = x

b AC=11cm, BC=10cm, ZABC = 40°, /CAB = x
¢ AB=6cm, BC=8cm, /BAC=60°, /ACB = x b
d AB=8.7cm, AC=10.8cm, ZABC =28°, /BAC = x

In each of the diagrams shown below, work out the size of angle x.

C B

3v2em

V2em
A h &

A

e B f

B
A 12.4cm
7.9cm
’ @ i &
A A 10.4cm 9.7cm 5

In APQR, OR =3 cm, ZPOR = 45° and ZQPR = 60°. Find a PR and b PQ.

In APOR, PQ=15cm, QR =12cm and ZPRQ = 75°. Find the two remaining angles.

In each of the following diagrams, work out the values of x and y.

a C B
xcm
7cm
A 20 C
100°
A C;
ycm 12.2cm
D

Town B is 6 km, on a bearing of 020°, from town A. Problem-solving

Town C is located on a bearing of 055° from town A

and on a bearing of 120° from town B. Work out the Draw a sketch to show the information.
distance of town C from:

a town A4 b town B
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9 In the diagram, AD = DB =5cm, ZABC =43° 4
and. 2 ACHE =72°,
Calculate:
a AB S5cm
b CD
c 2° 43° B

D Scm

10 A zookeeper is building an enclosure for some llamas.
The enclosure is in the shape of a quadrilateral as shown.

If the length of the diagonal BD is 136 m:
a find the angle between the fences AB and BC
b find the length of fence AB.

11 In AABC, AB=xcm, BC=(4-x)cm, (@ upppym.
LBAC =y and ZBCA = 30°,
You can use the value of sin y directly in your

Given that sin y = l;—’ show that calculation. You don't need to work out the value of y.
V2
x =42 - 1). (5 marks)
12 A surveyor wants to determine the height of a —_
building. She measures the angle of elevation
of the top of the building at two points 15m iINE
apart on the ground. BR B
a Use this information to determine the height EEE
of the building. (4 marks) & EE R
40"."
b State one assumption made by the surveyor o
in using this mathematical model. (1 mark) 2

For given side lengths » and ¢ and given angle B, you can draw the triangle in two different ways.

You candraw b
such that the
angle at Cis

h Alternatively you m You can confirm this relationship by
: can draw b such considering the graph of y = sin 6.

, 3 that the angle at VA

obtuse (C)). b . \ b
use (Cy) : / Cis acute (C,). = /\
b G G sing —, .
Since AC,C; is an isosceles triangle, it follows that the : :
angles AC,B and AC,B add together to make 180°. o E X >
¥ 6 180° - ¢ 1% b

® The sine rule sometimes produces two possible
solutions for a missing angle: -> Section 6.5

« sin #=sin (180° - )
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Example o {(NER)  ANALYSIS

In AABC, AB=4cm, AC =3cm and ZABC = 44°. Work out the two possible values of ZACB.

Problem-solving

Think about which lengths and angles are fixed,
and which ones can vary. The length AC is fixed.
If you drew a circle with radius 3 cm and centre A4
it would intersect the horizontal side of the
triangle at two points, C; and C..

C

L0 SR Use 2NC SN B phernpas ol Balss

¢ h ¢ b
sin C  sin 44°

& = o

_ 4 sin 44°

=

S 3

S0 L =67851...= 673" (3 af)

or C=180 - 67.851... = 112.14...
= 112° (3 5.f) » As sin (180° - @) =sin 0.

Give answers to 3 significant figures, where appropriate.

1 In AABC, BC=6cm, AC=4.5cm and ZABC = 45°.
a Calculate the two possible values of Z/BAC.

b Draw a diagram to illustrate your answers.

2 In each of the diagrams below, calculate the possible values of x and
the corresponding values of y.

® 3 In each of the following cases, A4BC has ZABC =30° and AB = 10cm.
a Calculate the least possible length that AC could be.
b Given that AC = 12 cm, calculate ZACB.
¢ Given instead that AC = 7 cm, calculate the two possible values of ZACB.
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® 4 Triangle ABC is such that AB=4cm, BC = 6cm and ZACB = 36°. Show that one of the
possible values of ZABC is 25.8° (to 3 s.f.). Using this value, calculate the length of AC.

(?) 5 Two triangles ABC are such that AB = 4.5cm, BC = 6.8cm and ZACB = 30°.
Work out the value of the largest angle in each of the triangles.

6 a A crane arm AB of length 80 m is anchored at
point B at an angle of 40° to the horizontal.
A wrecking ball is suspended on a cable of
length 60 m from A. Find the angle x through
which the wrecking ball rotates as it passes the
two points level with the base of the crane arm

at B. (6 marks)
b Write down one modelling assumption you
have made. (1 mark)

@ Areas of triangles

You need to be able to use the formula for finding the area of any triangle when you know
two sides and the angle between them.

® Area=1absin C

m As with the cosine rule, the letters are
B < interchangeable. For example, if you know angle B
B and sides a and ¢, the formula becomes Area = %H(‘ sin B.
o

The perpendicular from A4 to BC is drawn and it
meets BC at X. The length of AX = h.

B

Area of AABC = %ah (1) - Area of triangle = 1 base x height.
But h=bsnC (2) Use the sine ratio sin C = % in AAXC.
=) Area = %ub sin C » Substitute (2) into (1).
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Work out the area of the triangle shown below.

B
4.2cm
i
A G

6.9cm

CHAPTER 6

@ Explore the area of a triangle

using technology. i

Here b =6.9cm, ¢ = 4.2 cm and angle A4 = 75°,

Area = %bc sin A »
Area of AABC = 5 X 6.9 X 4.2 X sin 75°cm?
= 140cm? (3 s.f)

so use: Area = %bc sin A.

In AABC, AB=5cm, BC=6cm and £ZABC = x. Given that the area of AABCis 12cm? and that

AC 1s the longest side, find the value of x.

B
m
A i

Here a = 6¢cm, ¢ = 5cm and angle B = x, 50 use:
[ Area=acsin B.

1 :
Area = Sdc Sin B -

Area of AABC =% X 6 X 5 X sin xcm?

—  Area of AABCis 12 cmé,

sin x =12

e 12 cm? :% O xH ¥ oeinxoms
|
sin X =08+
N IRESE: . .
=127 15 51)

AN ANALYSIS

1 Calculate the area of each triangle.

a B b 4

8.6cm C

b 7.8cm

A

15

Problem-solving

There are two values of x for which sin x =0.8:
53.13...° and 126.86...°. But here you know B is

the largest angle because AC is the largest side.

2.5cm




118 CHAPTER 6 TRIGONOMETRIC RATIOS

2 Work out the possible sizes of x in the following triangles.

A

3 A fenced triangular plot of ground has area 1200 m°. The fences along the two smaller sides are
60 m and 80 m respectively and the angle between them is . Show that @ = 150°, and work out
the total length of fencing.

® 4 In triangle ABC, BC = (x + 2)cm, 4
AC=xcm and ZBCA = 150°.
Given that the area of the triangle e
is 5 cm?, work out the value of x, 150°
giving your answer to 3 significant figures. (x +2)cm C

5 In APOR, PO = (x+2)cm, PR = (5 - x)cm and ZOPR = 30°.
The area of the triangle is 4 cm-.

a Show that A = %(10 + 3x — x?%). (3 marks)
b Use the method of completing the square, or otherwise, to find
the maximum value of 4, and give the corresponding value of . (4 marks)

6 In AABC, AB=xcm, AC = (5 + x)cm
and ZBAC = 150°. Given that the area of the
triangle is 3% cm?,

Problem-solving

x represents a length so it must be positive.

a show that x satisfies the equation x* + 5x — 15=0 (3 marks)

b calculate the value of x, giving your answer to 3 significant figures. (3 marks)

m Solving triangle problems

You can solve problems involving triangles by using the sine and cosine rules along with
Pythagoras’ theorem and standard right-angled triangle trigonometry.

If some of the triangles are right-angled, try to use basic trigonometry and Pythagoras’ theorem
first to work out other information.

If you encounter a triangle which is not right-angled, : ‘
. . . The sine rule is often
you will need to decide whether to use the sine rule : ,
easier to use than the cosine rule. If you

or the cosine rule. Generally, use the sine rule when know one side and an opposite angle
you are considering two angles and two sides and in a triangle, try to use the sine rule to
the cosine rule when you are considering three sides find other missing sides and angles.
and one angle.
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For questions involving area, check first if you can use Area = % x base x height,
before using the formula involving sine.

* To find an unknown angle given two sides and one opposite angle, use the sine rule.

To find an unknown side given two angles and one opposite side, use the sine rule.

To find an unknown angle given all three sides, use the cosine rule.

To find an unknown side given two sides and the angle between them, use the cosine rule.

To find the area given two sides and the angle between them, use Area = %ab 5in

SEE @ m PROBLEM SOLVING

The diagram shows the locations of four mobile
phone masts in a field. BC=75m, CD = 80 m, B
angle BCD = 55° and angle ADC = 140°,

In order that the masts do not interfere with each 75m
other, they must be at least 70 m apart.

Given that A is the minimum distance from D, find: Z &

a the distance from 4 to B ¢

b the angle BAD @ 80m

¢ the area enclosed by the four masts. D
B
Problem-solving
75m Split the diagram into two triangles. Use the
information in triangle BCD to work out the
. length BD. You are using three sides and
e one angle so use the cosine rule.

70m
E0m

D

a BD? = BC? + CD? - 2(BC)(CD)cos /BCD
BD? = 752 + 802 - 2(75)(80)cos 55°
BD? = 5142.08...

BD =5142.08... = 71.708.=

Find BD first using the cosine rule.

Store this value in your calculator, or write down
all the digits from your calculator display.

sin/BDC sinZBCD

BC BD
_ You know a side and its opposite angle (BD and
sin(55°% X 75 beaners

sinZBDC = = = 0.85675... ZBCD), so use the sine rule to calculate ZBDC.

£ZBDC = 58.954...
£ZBDA =140 - 58.9254... = 61.045..."

Find BDA and store this value, or write down all
the digits from your calculator display.
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You can now use the cosine rule in triangle ABD

AB? = AD? + BD? — 2(AD)(BD)cos/BDA

to find AB.
ARE = 7OP+ T71.708...°
— 2(70)(71.708.. .)cos (61.045...)
AR = 547955
AB = JB479.55... = 92.084... AB is a length, so you are only interested in the
= 921 m (3 55) positive solution.

b sindBAD  sin{BDA

Use the sine rule to calculate angle BAD.

BD —  AB
_ aim(&1.045 ...} X 71.7058. ..
/BAD =
= 92.084...
— & e T

Alternatively you could have used the cosine rule

£/BAD = 50.28... = 50.3° (3 5f) « with sides 4B, BD and AD.

¢ Area ABCD = area BCD + area BDA

Area ABCD = L(BC)(CD)sin ZBCD

: Use the area formula twice.
+ 5(AB)(AD)sin ZBAD

Area ABCD = 3(75)(80)sin (55°)
+ 5(92.084...)(70)sin (50.28.. )

b N
Area ABCD = 2457.4... + 2479.2... @ Explore the solution O

Area ABCD = 4936.6... = 4240 m? (3 s.f) step-by-step using technology.

Exercise @ m PROBLEM SOLVING

Try to use the most efficient method, and give answers to 3 significant figures.

1 In each triangle below find the values of x, y and z.
b B

zcm
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©)

In AABC, calculate the size of the remaining angles, the lengths of the third side and the area
of the triangle given that

a NBAC=40°, AB=8.5cmand BC=10.2cm
b ANACB=110°, AC=49cm and BC =6.8cm

A hiker walks due north from A4 and after 8 km reaches B. She then walks a further 8 km on a
bearing of 120° to C. Work out a the distance from 4 to C and b the bearing of C from A.

A helicopter flies on a bearing of 200° from A4 to B, where AB = 70 km. It then flies on a
bearing of 150° from B to C, where C is due south of A. Work out the distance of C from A.

Two radar stations 4 and B are 16 km apart and A is due north of B. A ship is known to be on
a bearing of 150° from 4 and 10 km from B. Show that this information gives two positions for
the ship, and calculate the distance between these two positions.

Find x in each of the following diagrams:

a B
8cm &
S5cm
A C
xcm D S5cm
4 10cm ¢

In AABC, AB=4cm, BC=(x+2)cmand AC = 7cm.,
a Explain how you know that 1 < x < 9.

b Work out the value of x and the area of the triangle
for the cases when
i ZABC =60° and

ii /ABC =45° giving your answers to 3 significant figures.

In the triangle, cos ZABC = % &
a Calculate the value of x. 6cm -
b Find the area of triangle ABC. B y

2cm
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® 9 In AABC, AB =2 cm, BC =3 cm and ZBAC = 60°. Show that ZACB = 45° and find AC.

(P) 10 In A4BC, AB=(2 - x)cm, BC=(x + 1)em Problem-solving

and ZABC = 120°,

5. .8 Complete the square for the expression
a Show that AC=x"—x +7. x2 — x + 7 to find the minimum value of
b Find the value of x for which AC has a AC? and the value of x where it occurs.

minimum value.

11 Triangle ABC is such that BC = 5/2 cm, ZABC = 30° and Z/BAC = 6, where sinf = %

Work out the length of AC, giving your answer in the form avb, where ¢ and b are integers.

® 12 The perimeter of AABC = 15cm. Given that AB =7cm and ZBAC = 60°, find the lengths of
AC and BC and the area of the triangle.

@ 13 In the triangle ABC, AB = 14cm, BC=12cm and CA = 15¢m.
a Find the size of angle C, giving your answer to 3 s.f. (3 marks)

b Find the area of triangle ABC, giving your answer in cm” to 3 s.f. (3 marks)

14 A flower bed is in the shape of a
quadrilateral as shown in the diagram.

a Find the sizes of angles DAB and BCD.
(4 marks)

b Find the total area of the flower bed. (3 marks)
¢ Find the length of the diagonal AC. (4 marks)

15 ABCD is a square. Angle CED is obtuse. A B
Find the area of the shaded triangle. (7 marks)

10cm
40°

8cm




TRIGONOMETRIC RATIOS CHAPTER 6

@ Graphs of sine, cosine and tangent

® The graphs of sine, cosine and tangent are periodic.
They repeat themselves after a certain interval period.

You need to be able to draw the graphs for a given range of angles.

® The graph of y =sin 6:
+ repeats itself every 360° period and crosses the x-axis at ..., —180°, 0°, 180°, 360°, ...
+ has a maximum value of 1 and a minimum value of —-1.

sin # = 1 when # = 90°, 450°, etc.

VA
i | |
y=sind sin 6 = 0 when
%_ 6 =-180°, 0°,
180°, 360°,
—18%° _90° 90° 450° 540° 0O 540°, etc.

P | =1

sin # = =1 when # = —90°, 270°, etc.

® The graph of y = cos 6:
+ repeats itself every 360° period and crosses the x-axis at ..., —=90°, 90°, 270°, 450°, ...
« has a maximum value of 1 and a minimum value of -1.

cos =1 when # =0° 360°, etc.

cos =0 when
! = —=90°, 90°,

. | | & 270°, 450, etc.
-180° o° 0 90 180° 0° 360° 4508 540° 6

cosd = -1 when @ = -180°, 180°, 540°, etc.
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® The graph of y = tan 6:
+ repeats itself every 180° period and crosses the x-axis at ... —=180°, 0°, 180°, 360°, ...
« has no maximum or minimum value
» has vertical asymptotes at x = —90°, x = 90°, x = 270°, ...

tan # does not have maximum and minimum points but approaches negative or
positive infinity as the curve approaches the asymptotes at —90°, 90°, 270°, etc.
tan 6 is undefined for these values of 6.

Vi
y=tand

~180°-150°-120°-90° -60° -3020]  30° 60° 90° 120° 1502180° 210° 240° 270° 300° 3302

Y

Gor

tan € = 0 when # = 0°, 180°, 360°, etc.

a Sketch the graph of y = cos 0 in the interval —360° = ¢ = 360°.
b i Sketch the graph of y = sin x in the interval —180° = x = 270°.

ii sin(-30°) =-0.5. Use your graph to determine two further values of x for which sin x = -0.5.

i The axes are # and y.

The curve meets the #-axis at
¢ = +270° and 6 = £90°.

The curve crosses the y-axis
at (0, 1).

y=cosf

.

_360° —2A0° —180° {90° © o 180° 470° 360°
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VA
¥y = sinx

o

e —e0c 9 90° 1808° 270°

=

The line x =-90° is a line of
ii Using the symmetry of the graph: |7 symmetry.

sin (-150°%) = -0.5 .
sin 210° = =0.5
o sl an 2107

Exercise @ S {/NE3 INTERPRETATION

1 Sketch the graph of y = cos# in the interval —180° = 0 = 180°.

You could also find this value by
working out sin (180° — (-30°)).

2 Sketch the graph of y = tan @ in the interval —180° = 6 = 180°.

3 Sketch the graph of y = sin # in the interval —180° = 0 = 180°.

4 a cos30° =%. Use your graph in question 1 to find another value of ¢ for which cos ¢ =%3.
b tan60° = 3. Use your graph in question 2 to find other values of @ for which:
i tanf=\3 ii tanf=—3
¢ sin45° = ‘/1_? Use your graph in question 3 to find other values of # for which:
g | o |
i sInf=— ii snf=——
\2 v
@ Transforming trigonometric graphs
You can use your knowledge of transforming graphs to m e

transform the graphs of trigonometric functions. translations and stretches to graphs

of trigonometric functions.
« Chapter 4
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Sketch on separate sets of axes the graphs of:

a y=3sinx, 0= x = 360° b y=-tanf, -180° = 0 = 180°
a y = 3f(x) is a vertical stretch of the graph
! _ y = f(x) with scale factor 3. The intercepts on the
3 y = 3sinx
g ) Tx3 . x-axis remain unchanged, and the graph has a

maximum point at (90° 3) and a minimum point

T o0 18y 270 380 * A=Y
. Bxﬂ

b V& y= —tand
| : y = —f(x) is a reflection of the graph y = f(x) in the
| E . x-axis. So this graph is a reflection of the graph
_1808-90° O o0° 180° ¢ y = tan x in the x-axis.

Sketch on separate sets of axes the graphs of:

a y=-1+sinx, 0= x=360° b}}=%+cosxﬁ{}£x£360°
e f i lation of th h
sme sfnaiiy Bﬂ ‘ y =f(x) — 1is a translation of the grap
y = f(x) by vector ( 0 )
D I T T T '.': —].
ﬁov 180° 270° 360° *
s et ety it | The graph of y = sin x is translated by 1 unit in
the negative y-direction.
K~ 9
b Va

y=f(x) + % is a translation of the graph

0
y = f(x) by vector (1)
2

o o Sl — . The graph of y = cos x is translated byl unitin
SO NS 2700 S0 A - 2
\L/ the positive p-direction.
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Example @ S {(NE3) INTERPRETATION

Sketch on separate sets of axes the graphs of:

a y=tan(f +45°),0 < 0 = 360° b y=cos(f-90°), -360° < 0 < 360°
a ya : : o 7 y=f(# + 45°) is a translation of
! y. = tan (@ + 45°) 450
: : the graph y = f(¢) by vector 0 J
["_ 45:] Remember to translate any
L E ' asymptotes as well.
0 ' :--
2 <23 2250 150 360° ¢ The graph of y =tan @ is translated
by 45° to the left. The asymptotes
) are now at # = 45° and # = 225°.
The curve meets the y-axis where
b 1 y = cos(# —90° 0=0,50y=1.
|:9OD—P-:| y=f(# —90°) is a translation g{]o
the graph y = f(#) by vector ( 0 )
360°—270° —180° —90° 0o 18y 270° 3koe 6
e 2 g ¢ ™ e The graph of y = cos @ is translated
by 90° to the right. Note that this
—1- — is exactly the same curve as

y = sin #, so another property is
that cos (# — 90°) = sin 6.

Sketch on separate sets of axes the graphs of:
a y=sin2x,0=x=360° b y=cos %, -540° =0 <=540° ¢ y=tan(—x), -360° = x = 360°

y = f(2x) is a horizontal stretch of the graph
y =sin2x o y = f(x) with scale factor 3.

0 . The graph of y = sin x is stretched horizontally
of° 1§0° 270° 3¢0° with scale factor 3.

The period is now 180° and two complete ‘waves’
e are seen in the interval 0 = x = 360°.
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b VA Y= f(%ﬂ) is a horizontal stretch of the graph
y=cos?. y = f(f) with scale factor 3.

The graph of y = cos  is stretched horizontally

T T T > H L H .
180° \8co® 5400 ? with scale factor 3. The period of cos 31 1080°

and only one complete wave is seen while
—540 < @ < 540°. The curve crosses the f-axis at
g=%270°

y = tan (—x) ——

y = f(—x) is a reflection of the graph y = f(x) in
the y-axis.

The graph of y = tan (-x) is reflected in the y-axis.
— In this case the asymptotes are all vertical so they

i o & Iy SRR remain unchanged.
i | | | N
! ! ! ! @ Plot transformations of

trigonometric graphs using technology.

Y

-

Exercise @ ({|NI:3) INTERPRETATION

1 Write down i the maximum value, and ii the minimum value, of the following expressions,
and in each case give the smallest positive (or zero) value of x for which it occurs.

a cosx b 4sinx ¢ cos(—x)

d 3+sinx e —sinx f sin3x
2 Sketch, on the same set of axes, in the interval 0 = @ = 360°, the graphs of cos# and cos 36.

3 Sketch, on separate sets of axes, the graphs of the following, in the interval 0 = 0 = 360°.
Give the coordinates of points of intersection with the axes, and of maximum and minimum
points where appropriate.

a y=-cosl b y= %sinﬂ ¢ p= sin%ﬂ d y=tan(0 - 45°)

4 Sketch, on separate sets of axes, the graphs of the following, in the interval —180° = 6 = 180°.
Give the coordinates of points of intersection with the axes, and of maximum and minimum
points where appropriate.

a y=-2sinf b y=tan (0 + 180°) ¢ y=cos4l d y=sin(-f)

5 Sketch, on separate sets of axes, the graphs of the following in the interval —360° = ¢ = 360°.
In each case give the periodicity of the function.

a y=sin%€ b yz—%cusﬁ ¢ y=tan(@-90°) d y=tan20
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® 6 a By considering the graphs of the functions, or otherwise, verify that:
i cosf=cos(-0)
ii sinf = —sin(-0)
iii sin (¢ — 90°) = —cos#.
b Use the results in a ii and iii to show that sin (90° — ) = cos 6.

¢ In Example 14 you saw that cos (# — 90°) = sin 6.
Use this result with part a i to show that cos (90° — @) = sin 0.

@ 7 The graph shows the curve YA

y = cos (x + 30°), =360° < x < 360°. 3
a Write down the coordinates of \ \ /\

the points where the curve -360° -X70° -180°/—90° O 0° 180° /270° 360° X
crosses the x-axis. (2 marks) l
b Find the coordinates of the point
where the curve crosses the y-axis.
(1 mark)
8 The graph shows the curve with equation s
y=sin(x + k), =360° =< x = 360°, £
where k is a constant. \ /\ /
a Find one possible value | / =
for k. (2 marks) —240\/60" 12{)\/{]0“‘ X
b Is there more than one possible il
answer to part a? Give a reason
for your answer. (2 marks)
9 The variation in the depth of water in a rock pool can be modelled using the function
y = sin (30¢), where 7 is the time in hours and 0 = 1 = 6.
a Sketch the function for the given interval. (2 marks)

b If ¢t = 0 represents midday, during what times will the rock pool be at least half full? (3 marks)

Chapter review o L{{(NE:3)  EXECUTIVE FUNCTION

Give non-exact answers to 3 significant figures.

1 Triangle ABC has area 10cm?. AB =6 cm, BC =8 cm and ZABC is obtuse. Find:
a the size of ZABC
b the length of AC.

2 In each triangle below, find the size of x and the area of the triangle.

Jcm
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3 The sides of a triangle are 3cm, 5cm and 7 cm respectively.
Show that the largest angle is 120°, and find the area of the triangle.

® 4 Calculate the total area in each of the figures below.

a 10.4cm £ b
B

100°

3.9cm

D=a—24cm —»

5 In AABC, AB=10cm, BC = a/3 cm, AC = 5/13 cm and ZABC = 150°. Calculate:
a the value of a
b the exact area of AABC.

® 6 In a triangle, the largest side has length 2cm and one of the other sides has length v2 cm.
Given that the area of the triangle is 1 cm?, show that the triangle is right-angled and isosceles.

7 The three points A, B and C, with coordinates A(0, 1), B(3, 4) and C(1, 3) respectively,
are joined to form a triangle.

a Show that cos ZACB = —%. (5 marks)
b Calculate the area of AABC. (2 marks)

8 The longest side of a triangle has length (2x — 1) cm. The other sides have
lengths (x — 1)cm and (x + 1) cm. Given that the largest angle is 120°, work out:

a the value of x (5 marks)
b the area of the triangle. (3 marks)

9 A park keeper walks 1.2 km due north from his hut at
point 4 to point B. He then walks 1.4 km on a bearing
of 110° from point B to point C.

110°
a Find how far he is from his hut when at point C.

Give your answer in km to 3 s.f. (3 marks) L

b Work out the bearing of the hut from point C. [ 2km
Give your answer to the nearest degree. (3 marks)

¢ Work out the area enclosed by his walk. (3 marks)

A

10 A windmill has four identical triangular sails made from wood. If each triangle
has sides of length 12m, 15m and 20 m, work out the total area of wood needed. (5 marks)

(E/P) 11 Two points, 4 and B are on level ground. A tower at point C has an angle of elevation from A
of 15° and an angle of elevation from B of 32°. 4 and B are both on the same side of C,
and A4, B and C lie on the same straight line. The distance AB = 75m.
Find the height of the tower. (4 marks)
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12

@ 1

(£) 14

16

1

Describe geometrically the transformations which map:

a the graph of y = tan x onto the graph of tan %x

b the graph of y = tan %x onto the graph of 3 + tan %x

¢ the graph of y = cos x onto the graph of —cos x

d the graph of y = sin (x — 10) onto the graph of sin(x + 10).

a Sketch on the same set of axes, in the interval 0 = x = 180°, the graphs of y = tan (x — 45°)
and y = -2 cos x, showing the coordinates of points of intersection with the axes. (6 marks)

b Deduce the number of solutions of the equation tan (x — 45°) + 2cos x = 0, in the interval

0=x=180°, (2 marks)
The diagram shows part of the graph of y = f(x). S
It crosses the x-axis at 4(120°, 0) and B( p, 0). 5
It crosses the y-axis at C(0, ¢) and has a maximum ? A /B
value at D, as shown. / 0 lz'h.,\/p i
Given that f(x) = sin (x + k), where k > 0, write down
a the value of p (1 mark)
b the coordinates of D (1 mark)
¢ the smallest value of k (1 mark)
d the value of 4. (1 mark)

Consider the function f(x) =sinpx, p € R, 0 = x = 360°.
The closest point to the origin that the graph of f(x) crosses the x-axis has x-coordinate 36°.

a Determine the value of p and sketch the graph of y = f(x). (5 marks)
b Write down the period of f(x). (1 mark)
The graph shows y =sinf, 0 =< # < 360°, with one value VA

of 6 (0 = a) marked on the axis. I

a Copy the graph and mark on the #-axis the positions

of 180° — a, 180° + &, and 360° — a. O 90° 18 270° oo O
b Verify that: o

sin a = sin (180° — @) = —sin (180° + a) = —sin (360° — a).

a Sketch on separate sets of axes the graphs of y =cos@, 0 = # = 360°, and
y=tan#, 0 = # = 360°, and on each #-axis mark the point (a, 0) as in question 16.

b Verify that:
i cosa=-cos(180° - a)=—cos(180° + a) = cos(360° — a)
ii tan a=—tan(180° — a) =tan(180° + a) = —tan (360° - a)

A series of sand dunes has a cross-section which can be modelled using a sine curve
of the form y = sin (60x°) where x is the length of the series of dunes in metres.

a Draw the graph of y = sin (60x°) for 0 = x = 24°, (3 marks)
b Write down the number of sand dunes in this model. (1 mark)
¢ Give one reason why this may not be a realistic model. (1 mark)
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Challenge

pa— - . _ _ m Try drawing triangles 4 DB and
In this diagram AB=BC=CD=DE=1m. APR - hto baiie

A
A A
1mN I\‘/‘
B lm o im B 1m: B B DE B

Prove that ZAEB+ ZADB = /ACB.

Summary of key points

1 This version of the cosine rule is used to find a missing A

side if you know two sides and the angle between them: . <
a® = b*+ ¢ - 2bccos A = =

2 This version of the cosine rule is used to find an angle if
you know all three sides:

2 2
- b+t —a
2bc
3 This version of the sine rule is used to find the length of a missing side:
a b c

sind sinB sinC
& This version of the sine rule is used to find a missing angle:
sind_sinB_sinC
a b c

5 The sine rule sometimes produces two possible solutions for a
missing angle:
sin @ = sin (180° — #)

6 Area of a triangle = 3absin C

7 The graphs of sine, cosine and tangent are periodic.
They repeat themselves after a certain interval.

« The graph of y = sin # repeats itself every 360° period .
It crosses the x-axis at ..., —180°, 0°, 180°, 360°, ...
It has @ maximum value of 1 and a minimum value of -1.

« The graph of y = cos @ repeats itself every 360° period.
It crosses the x-axis at ..., —90°, 90°, 270°, 450°, ...
It has a maximum value of 1 and a minimum value of -1.

+ The graph of y = tan f repeats itself every 180° period.
It crosses the x-axis at ... —180°, 0°, 180°, 360°, ...
It has no maximum or minimum value.
It has vertical asymptotes at x = —90°, x = 90°, x = 270°, ...
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Learning objectives

After completing this chapter you should be able to:

e (onvert between degrees and radians, and know exact
values of angles measured in radians - pages 134-135

® Find an arc length using radians - pages 135-139

Find areas of sectors and segments
using radians

\ <

1 Write down the exact value of the following trigonometric ratios:
a sin 30° b sin(-60°)
c cos90° d tan 135°

« International GCSE mathematics

\

Prior knowledge check

Radians are units for
measuring angles. They are

used in mechanics to
In triangle ABC, angle ABC =72° angle CAB = 30° and side describe circular motion, and

BC =16 cm. Find, to 3 significant figures, the length of side AC. can be used to work out the

—* Section 6.2 distances between the pods
In triangle ABC, angle ABC = 30°, side AB =12cm and side around the edge of a Ferris

2 The circumference of a circle is 10cm. To 3 significant figures,
calculate the radius. ¢ International GCSE mathematics

BC = 6cm. Calculate the area of the triangle. ~» Section 6.3 wheel.
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m Radian measure

So far you have probably only measured angles in degrees, with one degree representing ?16_0 of a
complete revolution around a circle.

You can also measure angles in units called radians. 1 radian is the angle subtended at the centre
of a circle by an arc whose length is equal to the radius of the circle.

If the arc AB has m You can
length r, then ZAOB % write 1 radian as
is 1 radian. \ 1 rad or as 1<
@ !
B

The circumference of a circle of radius r is an
arc of length 27 r, so it subtends an angle of
27 radians at the centre of the circle.

® 27 radians = 360°

® 7 radians = 180°
180°

m This means that

1 radian = 57.295...°

® 1 radian =

Convert the following angles into degrees.

Ik 4
— rad b — rad
a-g-ra T
7w 4
T rad b d o o
g {5 1 radian = 1?? , so multiply by 12? ‘
=ik g 0 1560° = e
T s S e e L a0s
8 m 8
= 157.5° = 48°

Convert the following angles into radians. Leave your answers in terms of .

a 150° b 110°
a 150° = 150° x —— rad T -
180°. == radians, so multiply b
5 Tl e e T
e rad
b 110° = 110° x Télo? rad
Mo Your calculator will often give you exact answers

s [ | interms of .
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You should learn these important angles in radians:

m 30° Eradlans m 60° Eradlans ®m 180° = 7 radians

m 45° Eradlans m 9Q° Eradlans m 360° = 27 radians

Exercise m INTERPRETATION

Without using a calculator, convert the following angles in radians to degrees:

al b— nu:S—Tr
20 15 12
T T T
45 'y £%
St ar .

g 4 h? i 37

2 Use your calculator to convert the following angles to degrees,
giving your answer to the nearest 0.1°:

a (.46° b I¢ ¢ 1.135° d v3°
e 2.5¢ f 3.14¢ g 3.49¢

3 Use your calculator to write down the value, to 3 significant figures,
of the following trigonometric functions.

a sin (.5¢ b cos2°¢ ¢ tan 1.05¢ d sin 2¢ e Ccos 3.6¢

4 Convert the following angles to radians, giving your answers as multiples of 7 in the form
shown in Example 2:

a §8° b 10° g 22.5° d 30°
e 45° f 60° o 45" h 80°
1 112 5" j 120° k 133" 1 200°
m 240° n 270° o 315 p 330°

5 Use your calculator to convert the following angles to radians,
giving your answers to 3 significant figures:

- 5 b 75° ¢ 100°
d 160° e 230° 300"

@ Arc length

Using radians greatly simplifies the formula for arc length.

® To find the arc length [ of a sector of a circle, use the ’\
formula / = 19, where ris the radius of the circle
and @ is the angle, in radians, contained by the sector. /
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Find the length of the arc of a circle of radius 5.2cm, @ o
Explore the arc length

given that the arc subtends an angle of 0.8rad at the ;
, of a sector using GeoGebra.
centre of the circle.

Arc length = 5.2 x 0.6 = 4.16¢cm - Use /= r#@, with r=5.2 and # = 0.8.

FEE o m ANALYSIS

An arc AB of a circle with radius 7¢cm and centre O has a length of 2.45¢cm.
Find the angle ZAOB subtended by the arc at the centre of the circle.

A

7cm
0 2.45ecm
7cm
B
[ = rf- Usel=rf with/=2.45and r=17.
245 =70
2.45
—=—= f
§=035rad" Using this formula gives the angle in radians.

An arc AB of a circle, with centre O and radius r cm, subtends an angle of # radians at O.
The perimeter of the sector A0B is Pcm. Express r in terms of P and 6.

P Problem-solving

it When given a problem in words, it is often a good
O idea to sketch and label a diagram to help you to

e visualise the information you have and what you

B need to find.
P=rf+ 2r-

=r(2 + 0)- L The perimeter =arc AB+ OA + OB,

SO where arc AB = rf.
2 +0) — Factorise.
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Example o BT anasis

The border of a garden pond consists of a straight edge 4B
of length 2.4m, and a curved part C, as shown in the diagram.
The curved part is an arc of a circle, centre O and radius 2 m.
Find the length of C.

A 24m B

@ Explore the area of a sector O

using GeoGebra.

Problem-solving

Look for opportunities to use the basic

mie s . : .
sin X = —— trigonometric ratios rather than the more

2

x = 0.6435...rad
Acute ZAQOB = 2x rad

complicated cosine rule or sine rule. AOB is
an isosceles triangle, so you can divide it into
congruent right-angled triangles. Make sure

=2 x 06435... your calculator is in radians mode.
= 1.2670,..rad
Sof=(2r -12870..)) rad : L C subtends the reflex angle # at O,
= 433G, ..rad

so the length of C = 26.
S0 length of C = 2.99m (3 5.f) «

L 6+ acute ZAOB = 2n rad

1 An arc AB of a circle, centre O and radius rcm, subtends an angle f radians at O.
The length of ABis/cm.
a Find /when: i r=6,0=045 ii r=4.560=0.45 iii F=20,9=%?‘F
b Find r when: i /=10,0=0.6 ii /=1.26,0=0.7 iii l=1.57r,9=l—52ﬂ

¢ Find@when: i /=10,r=7.5 ili=4.5r=5025 iii /=v12,r=43

® 2 A minor arc AB of a circle, centre O and radius
10cm, subtends an angle x at O. The major arc M The minor arc AB is the shorter
AB subtends an angle 5x at O. Find, in terms arc between points 4 and B on a circle.
of =, the length of the minor arc AB.

3 Anarc AB of a circle, centre O and radius 6cm, has length /cm. Given that the chord 4B has
length 6¢m, find the value of /, giving your answer in terms of .

4 The sector of a circle of radius V10 cm contains an angle of VS radians,
as shown in the diagram. Find the length of the arc, giving your answer

& J= *
in the form p,/g cm, where p and ¢ are integers.
v10cm *J 10cm
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® 5 Referring to the diagram, find: . Zom
a the perimeter of the shaded region
when 0 = (0.8 radians 0 The radius of the larger
b the value of # when the perimeter of 3cm arcis 3 +2=5cm.

the shaded region is 14cm. 2em

6 A sector of a circle of radius rcm contains an angle of 1.2 radians. Given that the sector has
the same perimeter as a square of area 36 cm?, find the value of r.

@ ©

7 A sector of a circle of radius 15¢m contains an angle of 6 radians. Given that the perimeter of
the sector is 42 cm, find the value of 6.

8 In the diagram A B is the diameter of a circle,
centre O and radius 2cm.
The point C is on the circumference such that

2 : 2
Z/COB = =7 radians. 37
3 ) ) & 0 2¢cm .
a State the value, in radians, of ZCOA. (1 mark)

The shaded region enclosed by the chord AC, arc CB and AB is the template for a brooch.
b Find the exact value of the perimeter of the brooch. (S marks)

® 9 The points A and B lie on the circumference of a circle with centre O and radius 8.5¢cm.

The point C lies on the major arc AB. Given that ZACB = 0.4 radians, calculate the length of
the minor arc AB.

10 In the diagram OAB is a sector of a circle, centre O and radius R cm,
and ZAOB = 20 radians. A circle, centre C and radius »cm, touches the
arc AB at T, and touches OA and OB at D and E respectively, as shown.

a Write down, in terms of R and r, the length of OC. (1 mark)
b Using AOCE, show that Rsinf =r (1 + sin@). (3 marks)

¢ Given that sinf = % and that the perimeter of the sector OAB

is 21 cm, find r, giving your answer to 3 significant figures. (7 marks) A

® 11 The diagram shows a sector AOB.
The perimeter of the sector is twice the length of the arc AB.

Find the size of angle 40B. 5

® 12 A circular Ferris wheel has 24 pods equally spaced on its circumference.

a Given the arc length between each pod is S—Trm, and modelling each pod as a particle,
calculate the diameter of the Ferris wheel.

b Given that it takes approximately 30 seconds for a pod to complete one revolution,
estimate the speed of the pod in km/h.
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13 The diagram shows a triangular garden, POR, with
PO =12m, PR=7m and £0PR = 0.5 radians. The curve SR 18
a small path separating the shaded patio area and the lawn, and
is an arc of a circle with centre at P and radius 7m.

Find:
a the length of the path SR (2 marks)
b the perimeter of the shaded patio, giving your

answer to 3 significant figures. (4 marks)

14 The shape XYZ shown is a design for an earring.
g

Smm Smm

- z

The straight lines XY and XZ are equal in length. The curve YZ is an arc of a circle
with centre O and radius Smm. The size of £ YOZ is 1.1 radians and XO = 15mm.

a Find the size of £ZX0OZ, in radians, to 3 significant figures. (2 marks)

b Find the total perimeter of the earring, to the nearest mm. (6 marks)

@ Areas of sectors and segments

Using radians also greatly simplifies the

formula for the area of a sector. m Mmoo e
®m To find the area A of a sector of a portion of a circle enclosed by two
- the tGid 1}29 ﬂ radii and an arc. The smaller area is
e U E ! known as the minor sector and the

where ris the radius of the circle larger is known as the major sector.
and @ is the angle, in radians,
contained by the sector.

Find the area of the sector of a circle of radius 2.44 cm, given that the sector subtends an angle of
1.4 radians at the centre of the circle.

. SR —;— o D AR ol Use 4 =%r29 with r = 2.44 and 8 = 1.4,
= 417 cm? (3 51)
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A
In the diagram, the area of the minor sector AOB is 28.9 cm”.
Given that ZAOB = (.8 radians, calculate the value of r. «
B
269 = 212 x 08 = 0.4r2
S %%51 — e ' L Let area of sector be 4 cm? and use A = %rf’-ﬁ.
F=AE R =
f Use the positive square root in this case as a

length cannot be negative.

A plot of land is in the shape of a sector of a circle of radius 55m. The length of fencing that is
erected along the edge of the plot to enclose the land is 176 m. Calculate the area of the plot of land.

A @ Explore the area of a segment O

55me using GeoGebra.

Draw a diagram including all the data and let the

55m angle of the sector be 6.

B
Problem-solving

Arc AB=176 - (55 + 55)
=66m, In order to find the area of the sector, you
need to know #. Use the information about the

66 = 556 . perimeter to find the arc length A B.
So @ =12 radians

1 =
Area of plot = 7 x 55 x 1.2 - As the perimeter is given, first find length of arc AB.
= 1615 m?

Use the formula for arc length, / = r6.

—— Use the formula for area of a sector, 4 = %raﬂ.

You can find the area of a segment by subtracting the area of triangle OPQ
from the area of sector OPQ.

i
a Using %rif} for the area of the sector and %ahsin ¢ for the area of the triangle:
wilill LG
A= ST 7 S sin 7
=112(9 - sin 0)
2

0
® The area of a segment in a circle of radius ris A =%r2 (0 —sin @)
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The diagram shows a sector of a circle. Find the area of the shaded segment.

Area of segment = b x 72(1.2 — sin1.2) -

2

-1 . 49 x 026796

2
= EaTemT {351

4m 4m

Sm

B\/A

In the diagram above, OAB is a sector of a
circle, radius 4m. The chord 4B is 5m long.

Find the area of the shaded segment.

Calculate angle AOB first:

Use 4 = %ﬂ(ﬂ —sin#) with r =7 and 6 = 1.2 radians.

Make sure your calculator is in radians mode
when calculating sin 6.

Problem-solving

In order to find the area of the segment you need
to know angle AOB. You can use the cosine rule
in triangle AOB, or divide the triangle into two
right-angled triangles and use the trigonometric
ratios.

424 42 _ 52
cosZAQOB = R
-

A

S0 A0 = 138502
Area of shaded segment

" % x 42(1.3502... - sin1.3502..)

= % <16 % D 3TA48.

s SRS | Beer

Use the cosine rule for a non-right-angled
triangle.

m Use unrounded values in your

calculations wherever possible to avoid rounding
errors. You can use the memory function or
answer button on your calculator.
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In the diagram, 4B is the diameter of a circle of radius » cm, and ZBOC = # radians.
Given that the area of AAOC is three times that of the shaded segment, show that 30 — 4sind = 0.

C
f
A % T B
—— Area of segment = area of sector — area of triangle

Area of segment = =r2(f — sin®
9 s {‘—#‘) - Z AOB = mradians
Area of AAOC = Sr2sin(n - 6)

— Areaof AAOC =3 X area of shaded segment

Problem-solving

You might need to use circle theorems or

= Er%mr’;’

B e %rgﬁinﬂ e %I‘EI:H — sint)

sinf = 3(0 — sinf) properties when solving problems. The angle in a
So 30 -4sinf=0 semicircle is a right angle so ZACB = %

Exercise @ B anavsis

1 Find the shaded area in each of the following circles.
Leave your answers in terms of 7 where appropriate.

e f

g 0

G )¢

2 Find the shaded area in each of the following circles with centre C.

a b
4cm 0.2rad

: Scm C'“
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For the following circles with centre C, the area 4 of the shaded sector is given.
Find the value of x in each case.

a b C

e ) S

The arc AB of a circle, centre O and radius 6 cm, has length 4cm.
Find the area of the minor sector AOB.

The chord AB of a circle, centre O and radius 10cm, has length 18.65¢cm
and subtends an angle of # radians at O.

a Show that cos 6 = —-0.739 (to 3 significant figures).
b Find the area of the minor sector AOB.

The area of a sector of a circle of radius 12cm is 100cm?. Find the perimeter of the sector.

The arc AB of a circle, centre O and radius rcm, 1s such that ZAOB = 0.5 radians.
Given that the perimeter of the minor sector AOB is 30cm,

a calculate the value of r
b show that the area of the minor sector AOB is 36 cm?”
¢ calculate the area of the segment enclosed by the chord AB and the minor arc AB.

The arc AB of a circle, centre O and radius xcm, is such that angle AOB = T radians.
; : = 12
Given that the arc length AB 1s /cm,
: 6/°
a show that the area of the sector can be written as —.

The area of the full circle is 36007 cm?.
b Find the arc length of AB.

¢ Calculate the value of x.

In the diagram, 4B is the diameter of a circle of

radius rcm and ZBOC = 0 radians.

Given that the area of ACOB is equal to that of

the shaded segment, show that 6 + 2sinf = . g

rcm i)

In the diagram, BC is the arc of a circle, centre O
and radius 8cm. The points 4 and D are such that
OA = OD = 5cm. Given that ZBOC = 1.6 radians,

calculate the area of the shaded region.
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® 11 In the diagram, AB and AC are tangents to a circle, centre O B
and radius 3.6cm. Calculate the area of the shaded region, A
given that ZBOC = 2?ﬁrﬂuﬂliarjs. s
0 %
e
12 In the diagram, AD and BC are arcs of circles with centre O, such that B

OA=0D=rcm, AB=DC=8cm and Z/BOC = @ radians.

a Given that the area of the shaded region is 48 cm?,

show that

e % sl (4 marks)
b Given also that r = 106, calculate the perimeter

of the shaded region. (6 marks)

® 13 A sector of a circle of radius 28 cm has perimeter Pcm and area 4 cm?.
Given that A = 4P, find the value of P.

® 14 The diagram shows a triangular plot of land. The sides AB, BC
and CA have lengths 12m, 14m and 10m respectively. The lawn
1s a sector of a circle, centre 4 and radius 6 m.

a Show that ZBAC = 1.37 radians, correct to 3 significant figures.
b Calculate the area of the flowerbed.

15 The diagram shows OPQ, a sector of a circle with centre O, ¢ s ‘. 0
radius 10cm, with £ZPOQ = 0.3 radians. -

The point R is on OQ such that the ratio OR: RQis 1:3.
The region S, shown shaded in the diagram, is bounded by
QR, RP and the arc PQ.

10cm

Find: P
a the perimeter of S, giving your answer to 3 significant figures (6 marks)
b the area of S, giving your answer to 3 significant figures. (6 marks)

16 The diagram shows the sector OAB of a circle with centre O,
radius 12cm and angle 1.2 radians.

The line AC is a tangent to the circle with centre O, and OBC'is a
straight line.

The region R is bounded by the arc 4B and the lines AC and CB.

a Find the area of R, giving your answer to 2 decimal places. (8 marks)
The line BD is parallel to AC.

b Find the perimeter of DAB. (S marks)
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® 17 The diagram shows two intersecting sectors:
ABD, with radius 5cm and angle 1.2 radians,
and CBD, with radius 12cm.

Find the area of the overlapping section.

Challenge

Find an expression for the area of a sector of a
circle with radius r and arc length /.

Chapter review o XY execurive Funcrion

1 Triangle ABC 1s such that AB=5cm, AC=10cm and ZABC = 90°,
An arc of a circle, centre A and radius 5¢cm, cuts AC at D.

a State, in radians, the value of ZBAC.
b Calculate the area of the region enclosed by BC, DC and the arc BD.

2 The diagram shows the triangle OCD with OC = OD =17cm
and CD = 30cm. The midpoint of CD is M. A semicircular
arc A,, with centre M is drawn, with CD as diameter.

A circular arc A, with centre O and radius 17cm, is drawn
from Cto D. The shaded region R is bounded by the arcs
A, and A,. Calculate, giving answers to 2 decimal places:

a the area of the triangle OCD (4 marks)
b the area of the shaded region R. (5 marks)

4

3 The diagram shows a circle, centre O, of radius 6.cm.
The points A and B are on the circumference of the circle.
The area of the shaded major sector is 80 cm?.
Given that ZAOB = 0 radians, where 0 < #§ <, calculate:

a the value, to 3 decimal places, of ¢ (3 marks) 0

b the length in cm, to 2 decimal places, of the minor
arc AB. (2 marks) B

4 The diagram shows a sector OA4B of a circle, centre O and radius y
rcm. The length of the arc 4B is pcm and ZA4O0B is # radians.

a Find f in terms of p and r. (2 marks)

1
b Deduce that the area of the sector is Eprcmz. (2 marks) 0 pem

Given that r = 4.7 and p = 5.3, where each has been measured
to 1 decimal place, find, giving your answer to 3 decimal places: rem

¢ the least possible value of the area of the sector (2 marks)

d the range of possible values of 6. (3 marks)
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® s

The diagram shows a circle centre O and radius Scm.
The length of the minor arc AB is 6.4cm.

A

a Calculate, in radians, the size of the acute angle

AOB. (2 marks)
The area of the minor sector AOB is R,cm? and the
area of the shaded major sector is R,cm?.
b Calculate the value of R,. (2 marks)
¢ Calculate R,: R, in the form 1:p, giving the value

of p to 3 significant figures. (3 marks) B
The diagrams show the cross-sections of two £
drawer handles. Shape X is a rectangle ABCD 4 _d B
joined to a semicircle with BC as diameter. i 2d
The length AB = dcm and BC = 2d cm.
Shape Y is a sector OPQ of a circle with 2d i 0
centre O and radius 2dcm. Angle POQ 1s
) radians. E
a Given that the areas of shapes X and Y are = C

equal, prove that # =1 + % (S marks) 0
Using this value of #, and given that d = 3, Shape X Shape Y
find in terms of
b the perimeter of shape X (3 marks)
¢ the perimeter of shape Y. (3 marks)
d Hence find the difference, in mm, between the perimeters of shapes X and Y. (1 mark)
The diagram shows a circle with centre O and radius 6¢cm.
The chord PQ divides the circle into a minor segment R; of area
A,cm? and a major segment R, of area A,cm?. The chord PQ

R

subtends an angle ) radians at O. ;
a Show that 4, = 18(0 — sinf). (2 marks)
b Given that 4, = 34,, show thatsin § =0 — % (4 marks)

Q
Triangle ABChas AB=9cm, BC=10cm and CA = Scm. A
A circle, centre A4 and radius 3cm, intersects AB and \
AC at P and Q respectively, as shown in the diagram.

Ocm
a Show that, to 3 decimal places, dem
/BAC = 1.504 radians. (2 marks)
b Calculate:
i the area, in cm?, of the sector APQ C, — B

ii the area, in cm?, of the shaded region BPOC
iii the perimeter, in cm, of the shaded region BPQOC. (8 marks)
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9 The diagram shows the sector OAB of a circle of radius rcm.
The area of the sector is 15¢m? and ZAOB = 1.5 radians.

a Prove that r = 2)5. (2 marks)

b Find, in cm, the perimeter of the sector OAB. (3 marks)

The segment R, shaded in the diagram, is enclosed by the
arc AB and the straight line AB.

¢ Calculate, to 3 decimal places, the area of R. (2 marks)

10 The shape of a badge is a sector ABC of a circle with centre A4
and radius 4B, as shown in the diagram. The triangle ABC is
equilateral and has perpendicular height 3cm.
a Find, in surd form, the length of 4B. (2 marks)

b Find, in terms of m, the area of the badge. (2 marks)

¢ Prove that the perimeter of the badge is 2;3

(m+ 6)cm. (4 marks)

® 11 There is a straight path of length 70 m from the point A4 Railway track
to the point B. The points are joined also by a railway
track in the form of an arc of the circle whose centre is

C and whose radius is 44 m, as shown in the diagram. 4 Path B
70m

)

a Show that the size, to 2 decimal places,
of ZACRB 15 1.84 radians. (2 marks)

b Calculate:
i the length of the railway track
ii the shortest distance from C to the path
iii the area of the region bounded by the railway track and the path. (6 marks)

44m 44 m

® 12 The diagram shows the cross-section ABCD of a glass prism. - 4cm D
AD = BC =4cm and both are at right angles to DC. d
AB 1s the arc of a circle, centre O and radius 6cm. )
Given that ZA0B = 20 radians, and that the perimeter of the 02%
cross-section is 2(7 + 7)cm,

a show that (20 + 2sinf — 1) = % .
b verify that 6 = 2 s
6 B 4cm C

¢ find the area of the cross-section.

® 13 Two circles C, and C,, both of radius 12cm, have centres O, and O, respectively. O, lies on
the circumference of C,; O, lies on the circumference of C,. The circles intersect at 4 and B,

and enclose the region R.
a Show that ZAO,B = %—r

b Hence write down, in terms of , the perimeter of R.

¢ Find the area of R, giving your answer to 3 significant figures.
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14 A teacher asks a student to find the area of the following sector.
The attempt is shown below.

Area = %rgﬁ
= ig = 32 b4 50
= 225 ¢cm?

a Identify the mistake made by the student.

b Calculate the correct area of the sector.

Challenge

Two circles of radii 10cm and 8 cm respectively intersect at points 4 and B such
that the length of line AB is 14cm.

a For each separate circle, calculate, in radians to 3 d.p., the angle subtended
at the centre by the arc 4AB.

b Hence, or otherwise, calculate to 1 d.p. the area of the shaded region R,
bounded by the two radii of the larger circle and the arc of the smaller circle.

(1 mark)
(2 marks)
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Summary of key points

1 - 2xradians = 360° - 7 radians = 180° - 1radian = 18??0
2 Ifthe arc AB has length r then 2 AOB =1 radian (or 1 rad or 1¢)
3 - 30“=%radian5 . 45°=%radian5 . 60°=%radians
- 90° =; radians « 180° = 7 radians « 360° = 27 radians

4 Aradian is the angle subtended at the centre of a circle by an arc whose length is equal to that
of the radius of the circle.

5 To find the arc length / of a sector of a circle, use the formula / = 0,
where r is the radius of the circle and @ is the angle, in radians, '\
contained by the sector.

6 To find the area A of a sector of a circle, use the formula 4 = 3120,

where r is the radius of the circle and @ is the angle, in radians,
contained by the sector. 4

7 The area of a segment in a circle of radius r is

A=3r2(f - sinb)



Learning objectives

After completing this chapter you should be able to:

d V

e Find the derivative, f'(x) or a"—, of a simple function - pages 154-163
A

® Use the derivative to solve problems involving gradients,

tangents and normals - pages 163-165

d?y
—,of a
dx?

Find the second derivative, f'(x) or
simple function

’
-t

PP Nr |
v -x

Prior knowledge check

1 Find the gradients of these lines.

+ Section 5.1

Write each of these expressions in the form x”
where n is a positive or negative real number.

a x*x % b /X2

c

Xy e d I.'_xE
= e
r l \I l,r."l___‘_{

Find the equation of the straight line that passes

& Sections 1.1, 1.4

Differentiation is part of calculus, one of

the most powerful tools in mathematics.

You will use differentiation in mechanics
B to model rates of change, such as speed
and acceleration.

through:

a (0,-2)and(6,1) b (3,7)and (9, 4)

¢ (10, 5) and (-2, 8) « Section 5.2
Find the equation of the perpendicular to the line
y=2x -5 at the point (2, -1). « Section 5.3

T

el o
B s i e
e e = i
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@ Gradients of curves

The gradient of a curve is constantly changing. You can use a tangent to find the gradient of a
curve at any point on the curve. The tangent to a curve at a point A is the straight line that just
touches the curve at A.

® The gradient of a curve at a given point is defined as the gradient of the tangent to the curve
at that point.

YA

e =2 + 1
Zi5H

The tangent to the curve at (1, 0) has gradient 1,
so the gradient of the curve at the point (1, 0) is
equal to 1.

The tangent just touches the curve at (1, 0).
It does not cut the curve at this point, although
it may cut the curve at another point.

The diagram shows the curve with equation y = x~.
The tangent, T, to the curve at the point A(1, 1) is shown.
Point A is joined to point P by the chord AP.

a Calculate the gradient of the tangent, 7.

b Calculate the gradient of the chord AP
when P has coordinates:

i (2,4

i §(1.5:2.25)

iii (1.1,1.21)

iv (1.01, 1.0201)
v (L+h, (1+hP

¢ Comment on the relationship between your
answers to parts a and b.
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a Gradient of tangent = {:2 = : . Use the formula for the gradient of a straight line
i between points (x;, y,) and (x;, ;). ¢ Section 5.1
3=
T 2= L
=P The points used are (1, 1) and (2, 3).

b i Gradient of chord joining (1,1) to (2, 4)
4 -1

=5 %
- g T m Explore the gradient of the O

chord 4P using technology. I

ii Gradient of the chord joining (1,1) to
(1.5, 2.25)
3 % : This time (x;, ;) is (1, 1) and (x,, ) is (1.5, 2.25).

125
Q.5

—

iii Gradient of the chord joining (1,1) to
i g

s
==
]
0
e
iv Gradient of the chord joining (1,1) to
(1.01, 1.0201) -+ This point is closer to (1, 1) than (1.1, 1.21) is.
SAL ) Bl — This gradient is closer to 2.
1.01 =1
_ 00201
2T
=201 - his a constant.
v Gradient of the chord joining (1,1) to (1+h)i=01+MNA+h=1+2h+h
(1+ h (1 + h)?)
_ 0+ -1 h(2 + h)
A — This becomes p
1+ 2h+ h -1
= ke .
—_— You can use this formula to confirm the answers
i . to questions i to iv. For example, when / = 0.5,
5 I; (1+ A, (1+H4)?) =(1.5,2.25) and the gradient of
= + f1

the chordis 2 + 0.5 =2.5.

c As P gets closer to A, the gradient of the
As h gets closer to zero, 2 + h gets closer to 2,

so the gradient of the chord gets closer to the
gradient of the tangent.

chord AP gets closer to the gradient of
the tangent at A.
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Exercise @ SKILLS REASONING/ARGUMENTATION

1 The diagram shows the curve with equation y = x2 - 2x. VA
a Copy and complete this table showing estimates for rm
the gradient of the curve.
3_
x-coordinate -10|1]12)3
Estimate for gradient of curve iz

b Write a hypothesis about the gradient of the curve at
the point where x = p. . .

¢ Test your hypothesis by estimating the gradient of
the graph at the point (1.5, =0.75).

m Place a ruler on the graph

to approximate each tangent.

2 The diagram shows the curve with equation y =v1 — x?.
The point A has coordinates (0.6, 0.8).
The points B, C and D lie on the curve with x-coordinates 0.7, 0.8 and 0.9 respectively.

VoA
Y=l
A
B
o
D
| | | | | I | | | I ’:
~1.0-08-0.6-04-020 02 04 06 08 1,0 *
=0.2-
a Verify that point A4 lies on the curve.
b Use a ruler to estimate the gradient of the curve at point A.
¢ Find the gradient of the line segments:
i AD
i AC m Use algebra for part c.
iii AB

d Comment on the relationship between your answers to parts b and c.

Y
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3 Fis the point with coordinates (3, 9) on the curve with equation y = x°.
a Find the gradients of the chords joining the point F to the points with coordinates:
i (4,16) ii (3.5, 12.25) iii (3.1, 9.61)
iv (3.01,9.0601) v 3+h,(3+h)?)
b What do you deduce about the gradient of the tangent at the point (3, 9)?

4 G is the point with coordinates (4, 16) on the curve with equation y = x°.
a Find the gradients of the chords joining the point G to the points with coordinates:
i {,25) ii (4.5, 20.25) iii (4.1, 16.81)
iv (4.01, 16.0801) v (4+h 4+ h))
b What do you deduce about the gradient of the tangent at the point (4, 16)?

@ Finding the derivative

Differentiation from first principles is not examined. It is included here to give a detailed account of where
differentiation originates.

You can use algebra to find the exact gradient of a curve at a given point. This diagram shows
two points, 4 and B, that lie on the curve with equation y = f(x).

VA ¥ =1{x)

/\ As point B moves closer to point 4 the gradient of chord AB

gets closer to the gradient of the tangent to the curve at 4.

Q

You can formalise this approach by letting the x-coordinate of 4 be x; and the x-coordinate of B be
xo + h. Consider what happens to the gradient of AB as & gets smaller.

VA y=fx)

Point B has coordinates (xy + A, f(x, + A)).

Point 4 has coordinates (x,, f(x,)). m h represents a

i i small change in the value

' of x. You can also use éx to
represent this small change.
It is pronounced ‘delta x".
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The vertical distance from A to B is f(xg + /) — f(xg). B
The horizontal distance is x; + i — xg = h. '

 FOrg + h) — F(xg)
f(xo+ h) — flxo) :

So the gradient of AB is p . » ;;

As h gets smaller, the gradient of AB gets closer to the gradient of the tangent to the curve at A.
This means that the gradient of the curve at 4 is the limit of this expression as the value of /&
tends to 0.

You can use this to define the gradient function.

® The gradient function, or derivative, of the curve y = f(x)
is written as f'(x) or—. =
) dx limit as & tends to 0. You can't

fix + h) - f(x) evaluate the expression when

f'(x) = lim h =0, but as h gets smaller
B0 h the expression gets closer to a
The gradient function can be used to find the gradient of fixed (or limiting) value.

the curve for any value of x.

Using this rule to find the derivative is called differentiating from first principles.

Example e ET) anausis

The point A with coordinates (4, 16) lies on the curve with equation y = x°.
At point A4 the curve has gradient g.

a Show that g = ;limﬂ(S + h).

b Deduce the value of g.

WA+ h) -4 - Use the definition of the derivative with x = 4.
a g= [im
h—0 h
= lim_ ik !:;12 = . L The function is f(x) = x%. Remember to square
o : everything inside the brackets.
.16+ 8h+ h? - 16
=: [jrm
h—0 h
& Bt . The 16 and the —16 cancel, and you can cancel /
“sn in the fraction.
= JI|iﬂ'lﬂ &+ h)
. 5 As h — 0 the limiting value is 8, so the gradient at
g=rn

point A4 is 8.
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Prove, from first principles, that the derivative of x3 is 3x2.

f(x) = x3 @ ‘From first principles’ means that you have
eesroon. o N T to use the definition of the derivative. You are
L= ﬁhi” 0 h starting your proof with a known definition, so
 (x+BR - () this is an example of a proof by deduction.
= lim
h—0 h
i X2+ 3x2h + 3xh? + h® = x3 (x+h)?=(x+ h)(x+ h)?
T k-0 h ' - = (x + h) (X% + 2hx + h?)
3520 + 3xhe 4 B3 which expands to give x* + 3x%h + 3xh* + h®
- ."rl [-ni:l h
 h(3x% + 3xh + h?) .
= ;l'm.:. p - Factorise the numerator.

— x“mc. (3x% + 3xh + h?)

Any terms containing &, h?, i, etc will have a
limiting value of 0 as i — O.

Behh =0 3xh—-0and B2 —= 0, *
s o o' L

Exercise (/N3 REASONING/ARGUMENTATION

1 For the function f(x) = x?, use the definition of the derivative to show that:

a f'(2)=4 b f'(-3)=-6 ¢ I'0)=0 d f'(50)=100
2 fay=xt
a Show that f'(x) = hlimﬂ(2x + h). b Hence deduce that f'(x) = 2x.

3 The point A with coordinates (-2, —8) lies on the curve with equation y = x>,
At point A the curve has gradient g.

a Show that g = Jlimu(12 — 6h + h?). b Deduce the value of g.

® 4 The point 4 with coordinates (-1, 4) lies on the curve with Problem-solving

equation y = x° — Sx.

The point B also lies on the curve and has x-coordinate (-1 + A). Riawe s ehel Rowng

points 4 and B and the

a Show that the gradient of the line segment 4B is given chord between them.
by * — 3h - 2.
b Deduce the gradient of the curve at point A.
(E/P) 5 Prove, from first principles, that the derivative of 6x is 6. (3 marks)
(E/P) 6 Prove, from first principles, that the derivative of 4x2 is 8x. (4 marks)

7 f(x) = ax?, where a is a constant. Prove, from first principles, that f'(x) = 2ax. (4 marks)
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Challenge

fa) = 1
X

L e ]
7 . show tha X}_ﬁl—m}x2+xh‘

a Given that f'(x) = ,,“m{,

b Deduce that f'(x) = - iz
X

@ Differentiating x”

You can use the definition of the derivative to find an expression for the derivative of x” where n is
any number. This is called differentiation.

m For all real values of i, and for a constant a:

o IFf()=x" then f(x)=mcn-1 | Notation J

d

If y = x" then ;Ji; =1 f'(x) and d_yr both represent the

X e y

derivative. You usually use e
r H = X
o Iff(x) =ax" then f(x)=anx"-! when an expression is given in
If y=ax"  then Ejizﬂnx”'l ESanny e
dx

Find the derivative, f'(x), when f(x) equals:

5
a x° b x> c X7t d x2xx3 e

a f{x) = x© Multiply by the power, then subtract 1 from the

So f'(x) =Ex> - power:

6x x6-1=6x

b o) = %

So f'(x) = 3x% *

1 |\ The new poweris 3 —1=—3
; 21'.-_‘( 1 1
K=

& ) = x~2 VX <« Section 1.4

So iy =—2x-

_ 2
x3
, . You can leave your answer in this form or write it
d f(x) = x= x x° - as a fraction.
— j,,‘E
! _ il
S0 Fi(x)=Sx You need to write the function in the form x”
before you can use the rule.

XZ xx3=x2+]

:_]:5
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e
5 f¥) =X+ X Use the laws of indices to simplify the fraction:
>
bt e e
So f'(x)= —-4x°
& o
=

3

Find = when y equals:

3 3 -2 8 x’ RE <3
a Ix b —4x: R b A e v3bx
ax;
dy Use the rule for differentiating ax” with a =7 and
a —=7x3x31=21x2 - — i
dx n = 3. Multiply by 3 then subtract 1 from the power.
dy 1 i 2 1
b R ZXTE=—2x7F = e ™ | This is the same as differentiating xz then
multiplying the result by —4.
£ i SSc R el el T e g5
dx x?
G e B Write the expression in the form ax”. Remember
5 =& a can be any number, including fractions.
Y o 6x8x5=16x3
o 3 1
—lz ==
ey —%36><mf'—{5><{1 ) = G X3
Ay =6 x2xt=9x7=9Vx - Simplify the number part as much as possible.

dx

@ Make sure that the
Exercise m INTERPRETATION functions are in the form x»

Find f'(x) given that f(x) equals: before you differentiate.

a x’ b x® ¢ X d x3 e xi Vx
1 1 1 1
- 4 g o E Ea s o
'y h x i k — 1 —
& x2 ! x> VX fx
2 -3 &)
o X X
-3 " 2 3 i 2 et et H ==
m x> x X n x2xx 0 XXX px4 qxz r o
d ?
2 Find e given that y equals:
a 3x? b 6x° C %x“ d 20xs e 6x3
£ 10x-1 4 x6 h X . _2 . [5x4 x 10x

& 2 %3 8 x3 v ! V' 2x2
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3 Find the gradient of the curve with equation y = 3/x at the point where:

a x=4 b x=9
1 2 2
c x=7 d x= 16 Problem-solving
dy Tr ing unfamili '
. - : ay y rearranging unfamiliar equations
4 Given that 2y* - x*=0and y > 0, find dx (2 marks) into a form you recognise.

m Differentiating quadratics

You can differentiate a function with more than one term by differentiating
the terms one-at-a-time. The highest power of x in a quadratic function is x?,
so the highest power of x in its derivative will be x.

® For the quadratic curve with equation The derivative is a straight line with
¥y = ax® + bx + ¢, the derivative is given by gradient 2a. It crosses the x-axis once, at the

E}_’_ S LD point where the quadratic curve has zero
dx gradient. This is the turning point of the
quadratic curve. & Section 5.1

You can find this expression for — by differentiating each of the terms one-at-a-time:

dx
The quadratic term tells An x term differentiates Constant terms
you the slope of the to give a constant. disappear when
gradient function., you differentiate.

Example o LY |IEJ) INTERPRETATION
dv

Find = given that y equals:

dx
a x2+3x b 8x2-7 ¢ 4x2-3x+5
a Jr=x-a Ay Differentiate the terms one-at-a-time.
dy
ia [ o 2x + 3
5, TR The constant term disappears when you
ol it differentiate. The line y = —7 has zero gradient.
ia [ a = 16x

4x% — 3x + 5 is a quadratic expression with
a=4 b=-3and ¢ =5.

c: =457 = 3x+ Ha
dy

5DEZS_TC—3 "

—— The derivativeis2ax+b=2 x4x -3 =8x-3.
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Let f(x) = 4x? — 8x + 3.
a Find the gradient of y = f(x) at the point (%, {]].
b Find the coordinates of the point on the graph of y = f(x) where the gradient is 8.

¢ Find the gradient of y = f(x) at the points where the curve meets the line y =4x - 5.

a As y=4x2 - 8x + 3 Differentiate to find the gradient function. Then
dy substitute the x-coordinate value to obtain the
o et i e gradient.
So f'(3) = -4
— Put the gradient function equal to 8. Then solve the
dy equation you have obtained to give the value of x.
il s B ok — Substitute this value of x into f(x) to give the
DX =2 value of y and interpret your answer in words.
e 2 L g s

The point where the gradient is & is (2, 3). To find the points of intersection, set the

equation of the curve equal to the equation of
the line. Solve the resulting quadratic equation

to find the x-coordinates of the points of
intersection. <« Section 2.1

c 4x2 —=Bx +3=4x -5+ ’_
4x2 - 12x+ 856 =0
x2=3x+2=0

(x-2)(x-1=0
Substitute the values of x intof'(x) = 8x — 8 to

g ive the gradients at the specified points
At x = 1, the gradient is O. giv gradi pec points.
At x = 2, the gradient is &, as in part b.

m Use your calculator to check %

solutions to quadratic equations quickly.

dyv
1 Find d_i‘ when y equals:
a 2x2 - 6x + 3 b 3x2 + 12x ¢ 4x2-6
d 8x2+ 7x + 12 e 5+ 4x - 5x?

2 Find the gradient of the curve with equation:

a y = 3x2, at the point (2, 12) b y = x?+ 4x, at the point (1, 5)
¢ y=2x%>- x— 1, at the point (2, 5) d y= %_xz + %x, at the point (1, 2)
e y =3 - x? at the point (1, 2) f y=4-2x% at the point (-1, 2)

3 Find the y-coordinate and the value of the gradient at the point P
with x-coordinate 1 on the curve with equation y = 3 + 2x — x2.

4 Find the coordinates of the point on the curve with equation y = x> + 5x — 4
where the gradient is 3.
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® 5 Find the gradients of the curve y = x> — 5x + 10 at the points 4 and B
where the curve meets the line y = 4.

® 6 Find the gradients of the curve y = 2x? at the points C and D where
the curve meets the line y = x + 3.

() 7 flx)=x>-2x-8
a Sketch the graph of y = f(x).
b On the same set of axes, sketch the graph of y = {"(x).

¢ Explain why the x-coordinate of the turning point of y = f(x) is the same
as the x-coordinate of the point where the graph of y = f'(x) crosses the x-axis.

@ Differentiating functions with two or more terms

You can use the rule for differentiating ax” to differentiate functions with two or more terms.
You need to be able to rearrange each term into the form ax”, where « is a constant and »
is a real number. Then you can differentiate the terms one-at-a-time.

m |f y=f(x) + g(x), then EJi= ' (x) £ g'(x)

dx
Example o
Find dr when y equals:
a 4x° +2x b x3+x2-x2 ¢ %x%+ 4 x?
a y=4x>+ 2x
dy . ) ) )
S0 E =12x2 + 2 Differentiate the terms one-at-a-time.
b y=x3 + x2 - xz
. Be careful with the third term. You multiply the
So d—i = 3x2 + 2x — %x—% . term by % and then reduce the power by 1 to
6 get —3
c = ;!c';? + 4x=
e 2 A i ~ Check that each term is in the form ax” before
# S e differentiating.
= £X7Z 4+ 8x
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Differentiate:
1 x -2
a — b X33x+1) ¢ =
4vx X
& Lek = —1:_— Use the laws of indices to write the expression in
'14”“' * the form ax”.
‘E*‘;' ' BT RO (O % (P o
V 3 - T 1 :
Therefare — = "%JL‘T x 4 Vx 4 xi 4
dx
b Let y = x3(3x +1
4 _= (_4 : TEJ ‘ Multiply out the brackets to give a polynomial
- Id}, ] function.
Therefore — = 12x° + 3x% »
dx
= 3x%(4x + 1) — Differentiate each term.
o Lel p= : "22
! it 5 Express the single fraction as two separate
= o fractions, and simplify: ﬁ =%
— ek o
ay 9 =
Theretore == = =% + 4% - Write each term in the form ax” then differentiate.
1 4
= —— 4 —
rz X3
_ 5 =X You can write the answer as a single fraction with
AP denominator x2.
m INTERPRETATION
Differentiate:
a x4+ x! b 2x3+ 3x2 ¢ 6x:+2x3+4
2 Find the gradient of the curve with equation y = f(x) at the point 4 where:
a f(x)=x3-3x+2,and 4disat(-1,4) b f(x)=3x>+ 2x"',and A is at (2, 13)
3 Find the point(s) on the curve with equation y = f(x), where the gradient is zero:
a8 f(x)=x*=>x b f(x)=x3-9x2+ 24x - 20
¢ f(x)=xT—6x+1 d f(x) = x' + 4x
4 Differentiate:
e 3 1 1
a 2yx b — " d 33 (x -2
1' b 3x3 g )
2 1 2x + 3 3x2-6
e S+vx f x +=— g h ———
X 2x X X
2x3 + 3x :
 — i x(x2-x+2) k 3x%(x? + 2x) 1 3x - 2)(4x + l)
VX X
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5 Find the gradient of the curve with equation y = f(x) at the point 4 where:
2x -6

a f(x)=x(x+1),and 4 is at (0, 0) had )= o and 4 is at (3, 0)
g Hx)l= L,_ and A is at (%, 2] dH{xi= % i,, and A is at (2, 5)
VX ' -
12 :
6 f(x)=—=+ x, where p is a real constant and x > 0.
PvX
Given that f(2) = 3, find p, giving your answer in the form a2 where « is a
rational number. (4 marks)

@ Gradients, tangents and normals

You can use the derivative to find the equation of the tangent to a curve
at a given point. On the curve with equation y = f(x), the gradient of the
tangent at a point 4 with x-coordinate « will be f'(a).

The equation of a straight line with
gradient m that passes through the point (xy, y,)

isy—y;=mlx — xy). ¢ Section 5.2

® The tangent to the curve y = f(x) at the
point with coordinates (a, f(a)) has
equation

y—fa)=f(a)(x - a)

The normal to a curve at point A is the straight line through 4 which is perpendicular to the tangent

to the curve at A. The gradient of the normal will be — Tl)
a
® The normal to the curve y = f(x) at the point with 4
coordinates (a, f(a)) has equation Normal b =f(x)
1
—flg) = ———(x =
y—f(a) f,{a){x a)

Tangent
at 4
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Find the equation of the tangent to the curve First differentiate to determine the gradient
y = x3 = 3x2 + 2x — 1 at the point (3, 9). function.
y=x3-3x2+2x—1 Then substitute for x to calculate the value of the
dy — gradient of the curve and of the tangent when
dY—SJ\,_"—Q‘C"FE' =3

When x = 3, the gradient is 11. *
So the equation of the tangent at (3, 5) is

y-5=1x-3) |
y=1x-28 |

Example @ ~ Write each term in the form ax” and differentiate

. ; ) to obtain the gradient function, which you can use
Find the equation of the normal to the curve with to find the gradient at any point.

equation y = 8 — 3yx at the point where x = 4.

|— You can now use the line equation and simplify.

— Find the y-coordinate when x = 4 by substituting

p=m 2 into the equation of the curve and calculating
' | 8-3/4=8-6=2.
=8 - 3x2 W
dy . - Find the gradient of the curve, by calculating
P L Jl ﬁ_ i(ﬁ)—%_ A1 3
R R
When x = 4, y = 2 and gradient of curve = 1
i Gradient of normal = -

and of tangent = —7 p gradient of tangent
S0 gradient of normal is 3. . B 1 4
Equation of normal is T _%] 3

y-2=%x-4
y—-6=4x-16
3r—-4x+10=0 J

Simplify by multiplying both sides by 3 and
collecting terms.

N
@ Explore the tangent and

normal to the curve using technology.

SKILLS PROBLEM SOLVING

Find the equation of the tangent to the curve:

a y=x2-Tx + 10, at the point (2, 0) b y=x+ i at the point (2, 2%)
¢ y = 4/x, at the point (9, 12) d y= e 1ﬁ at the point (1, 1)
e y=2x"+ 6x + 10, at the point (-1, 2) F pnite x:l at the point (1, —6)

2 Find the equation of the normal to the curve:

a y = x2 - Sx, at the point (6, 6) b y=x2- %, at the point (4, 12)
X
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® 3 Find the coordinates of the point where the tangent to the curve y = x? + 1 at the point (2, 5)
meets the normal to the same curve at the point (1, 2).

® 4 Find the equations of the normals to the curve y = x + x3 at the points (0, 0) and (1, 2),
and find the coordinates of the point where these normals meet.

® 5 Forf(x) =12 - 4x + 2x°, find the equations of the tangent and the normal at the point
where x = —1 on the curve with equation y = f(x).

(E/P) 6 The point P with x-coordinate % lies on the Problem-solving

curve with equation y = 2x2.

The normal to the curve at P intersects the
curve at points P and Q.

Find the coordinates of Q. (6 marks)

Draw a sketch showing the curve, the point P and
the normal. This will help you check that your
answer makes sense.

m Use the discriminant to find the value of m
when the line just touches the curve. « Section 2.5

Challenge

The line L is a tangent to the curve with equation y = 4x2 + 1. The line L cuts the y-axis
at (0, —8) and has a positive gradient. Find the equation of L in the form y = mx + c.

m Second order derivatives

You can find the rate of change of the gradient function by differentiating a function twice.

; . dy 2 . : d%y
y=5x EuLEEIERE = 15x Differentiate e 30x

This is the gradient function. It describes This is the rate of change of the gradient
the rate of change of the function with function. It is called the second order
respect to x. derivative. It can also be written as f"(x).

» Differentiating a function y = f(x) twice gives you
dE
the second order derivative, f"(x) or H_J;
b =

m The derivative is also called the

first order derivative or first derivative.
The second order derivative is sometimes
just called the second derivative.



Given that y = 3x° + i,}, find:
2

dy " d?y
dr dx?
a y=3x>+ 2
= 2x° 4y
So ——=15x% - &x~3 -
dax a8
= 15}(4 - F
dE 3
b J; = 60x3 + 24x4
8 24 '
= E0x3 + —

SETE @ m PROBLEM SOLVING

Given that f(x) = 3Vx + ZL_ find:

VX

a.Fix) b f"(x)

3

b f(x) = —2x—2+3x2 *

Exercise m PROBLEM SOLVING

J d-z b
Find a and 4 when y equals:

a 12x2+3x+ 8 b15x+6+%

¢ 9F—% d 5x +4)(3x -2)
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Express the fraction as a negative power of x.

Differentiate once to get the first order derivative.

Differentiate a second time to get the second
order derivative.

Don’t rewrite your expression for f'(x) as a

fraction. It will be easier to differentiate again
if you leave it in this form.

The coefficient for the second term is

EREE

AL
The new poweris —=—-1=-=
wp 5 =

3x + 8
¢ 2
s X

2 The displacement of a particle in metres at time ¢ seconds 1s modelled by the function

r+2

f(r) =

The acceleratmn of the particle in ms=2 is the second derivative of this function.
Find an expression for the acceleration of the particle at time 7 seconds.

® 3 Given that y = (2x - 3)3,

® 4 f(x)=px3-3px2+x2-4

When x = 2, f"(x) = —1. Find the value of p.

dzy " Problem-solving
- = 0.

dx= When you differentiate with
respect to x, you treat any
other letters as constants.
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Chapter review o m EXECUTIVE FUNCTION

@ Prove, from first principles, that the derivative of 10x2 is 20x. (4 marks)

® 2 The point 4 with coordinates (1, 4) lies on the curve with equation y = x° + 3x.
The point B also lies on the curve and has x-coordinate (1 + 6x).

a Show that the gradient of the line segment 4B is given by (8x)> + 36x + 6.
b Deduce the gradient of the curve at point A.

3 A curveis given by the equation y = 3x> + 3 + lz, where x > 0. At the points 4, B and
X

C on the curve, x = 1, 2 and 3 respectively. Find the gradient of the curve at A, B and C.

® 4 Calculate the x-coordinates of the points on the curve with equation y = 7x? — x3
at which the gradient is equal to 16. (4 marks)

5 Find the x-coordinates of the two points on the curve with equation y = x3 — 11x + 1
where the gradient is 1. Find the corresponding y-coordinates.

® 6 The function f is defined by f(x) = x + 2 ,XER, x#0.

a Find {"(x). (2 marks)
b Solve f'(x) = 0. (2 marks)
: 4 . Ay
® 7 Given that y = 3vx — —, x >0, find — (3 marks)
Vx dx
8 A curve has equation y = 12x2 — x2.
dy 3
a Show that ) (4 - x). (2 marks)
b Find the coordinates of the point on the curve where the gradient is zero. (2 marks)
() 9 a Expand (xi- I)(x~5+1). 0 (2 marks)
}
b A curve has equation y = (,x: — D(x~z+ 1), x > 0. Find a (2 marks)
¢ Use your answer to part b to calculate the gradient of the curve at the point
where x = 4, (1 mark)

® 10 Differentiate with respect to x:

x* + 2x

2x3 + wx + 3
X=

(3 marks)

11 The curve with equation y = ax? + bx + ¢ passes through the point (1, 2).
The gradient of the curve is zero at the point (2, 1). Find the values of a, b and c. (5 marks)
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12 A curve C has equation y = x3 — 5x2 + 5x + 2.
quation )

b

a Find é in terms of x. (2 marks)

b The points P and Q lie on C. The gradient of C at both P and Qs 2.
The x-coordinate of P is 3.

i Find the x-coordinate of Q. (3 marks)
ii Find an equation for the tangent to C at P, giving your answer in the form
y = mx + ¢, where m and ¢ are constants, (3 marks)

iii If this tangent intersects the coordinate axes at the points R and S,
find the length of RS, giving your answer as a surd. (3 marks)

13 A curve has equation y = L x + 3x2, x > 0. Find the equations of the tangent
%

and the normal to the curve at the point where x = 2.

14 The normals to the curve 2y = 3x° — 7x* + 4x, at the points O(0, 0) and A(1, 0),
meet at the point N.

a Find the coordinates of N. (7 marks)
b Calculate the area of triangle OAN. (3 marks)

15 A curve C has equation y = x3 — 2x2 — 4x — 1 and cuts the y-axis at a point P.
The line L is a tangent to the curve at P, and cuts the curve at the point Q.
Show that the distance PQ is 2V17. (7 marks)

@ 16 A curve has equation y = x3 — 6x2 + 9x. Find the coordinates of its local maximum. (4 marks)

@ 17 The diagram shows part of the curve with equation VA
y = f(x), where: B
f(x)=200—%—x2,x > ()

The curve cuts the x-axis at the points 4 and C.
The point B is the maximum point of the curve.

a Find f'(x). (3 marks)

b Use your answer to part a to calculate the 0 |4 X
coordinates of B. (4 marks)

=Y
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(E/P) 18

The diagram shows part of the curve with
equation y = 5 — % x? for which y > 0.
The point P(x, y) lies on the curve and O is the origin.

a Show that OP2 = ;x4 — 4x2 + 25. (3 marks)
Taking f(x) = 3x* — 4x2 + 25:
b Find the values of x for which f'(x) = 0. (4 marks)

¢ Hence, or otherwise, find the minimum distance
from O to the curve, showing that your answer is
a minimum. (4 marks)

Summary of key points

The gradient of a curve at a given point is defined as the gradient of the tangent
to the curve at that point.

The gradient function, or derivative, of the curve y = f(x) is written as f'(x) or d_J::
fix + h) = f(x) “

h
The gradient function can be used to find the gradient of the curve for any value of x.

i) =iilm
h—0

For all real values of n, and for a constant a:
« IFHx) = x2then Fix) ="

» If f(x) = ax” then f'(x) = anx*-1

d
o Ify=x"then éznxﬂ—l

dy
e If y=gx”then — =agnx"-!

dx

For the quadratic curve with equation y = ax® + bx + ¢, the derivative is given by:

1
—=7axt D
o ax

If y = f(x) + g(x), then ? =X g
3

The tangent to the curve y = f(x) at the point with coordinates (g, f(a)) has equation
y=fa) =f'(a)(x-a)

The normal to the curve y = f(x) at the point with coordinates («, f(a)) has equation
d2y

Differentiating a function y = f(x) twice gives you the second order derivative, f”(x) or e
'
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Learning objectives

After completing this chapter you should be able to: ’_\

V
e Find y given d_ for x” - pages 171-173 1
5y
® |[ntegrate polynomials - pages 172-175 U N s
. . ; : (S
® Find f(x), given f'(x) and a point on the curve ] :
> pages 176-178 9 L
ad v |
A

Prior knowledge check

1 Simplify these expressions.
1? x 2)53
b= 2

X

VX + 4x3
8

d

« Sections 1.1, 1.4
X

Find i when y equals:
dx

a 2x*+3x-5 b %xz—x

o Integration is the opposite of

¢ x“x+1) d = | ¢ Section §.5 differentiation. If the acceleration
of a space rocket is known, the

launch-team can use integration

a y=(x+1x-3) to calculate how long it will take to

b y=(x+1)%x+5) « Chapter &4 | reach a given height.

— I | T

Sketch the curves with the following equations:
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@ Integrating x"

Integration is the reverse process of differentiation:

Function Gradient Function

S multiply by the power [Eam=ll subtract one from the power [ R Differentiating x"

add one to the power

Constant terms disappear when you differentiate. This means that when you differentiate functions
that only differ in the constant term, they will all differentiate to give the same function. To allow for
this, you need to add a constant of integration at the end of a function when you integrate.

yh o+ 1

«— x"——— Integrating x"

divide by the new power Ry

A

n+1

y=x2+5

y = x? Differentiate

l

o =2 R =+ ¢

]— This is the constant of integration.

y=x2-19

dy 1 .
. If-—=xn,theny=n x*Ptlienz -1

dx +1
w [ff'(x) = xn, then f(x) =

n+1x"”+c,n -1

Find y for the following:

d
i L b2 S
a dx_x4 b dx_‘l

x"t+1l 4 ewithn = 4.

5 Use y =
X g J H+].

Don'’t forget to add c.

Remember, adding 1 to the power gives -5 + 1 = —4.

Divide by the new power (-4) and add c.

Find f(x) for the following:
a f(x)=3x2 b fi(x)=23
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+c=2x3 +¢ Remember3 +3=3x%=2
T

Simplify your answer.

b fT_‘L‘JI = 3 = 3),,":' .

Sof(x) =3 x ‘Tl Fo= x40 — x0=1, 503 can be written as 3x°.

You can integrate a function in the form kx" by integrating x" and multiplying the integral by .

k n+1 '
lx +onz -1 m You don’t need to multiply the

dy
® If— = kxn, then y =
n+
constant term (c) by k.

dx
= Using function notation, if f'(x) = kxn,

then f(x) = LJﬁ:”’f1+ica»::nt -1.
n+1

= When integrating polynomials, apply the rule of integration separately to each term.

Example m INTERPRETATION

Gwen—— 6x + 2x-3 — 3x2, find y.

dx
Ex2 2 . S i i
V= +Ex2- " xi+¢ Apply the rule of integration to each term of the
= ek > expression and add c.
el s F R Now simplify each term and remember to add c.

Exercise m INTERPRETATION

1 Find an expression for y when —— 18 the following:

dx j |

a x° b 10x* ¢ — K d —4x-° e X3 f 4x:
g —2x° h x— i Sx— j 6x3 k 36x!! 1 —14x-8
m —3x3 n -5 0o 6x p 2x4

: dy. : . .

2 Find y when 4, s given by the following expressions. In each case simplify your answer.
a x*—3xt - 6x2 b 4x3 + x5 — x2 ¢ 4—12x*+2x=
d 5x%— 10x4 + x-3 e —ax~7—3+8x f 5x%— x7— 12x"

3 Find f(x) when f'(x) is given by the following expressions. In each case simplify your answer.

i 1 1 1 3

3.2
a 12x +35x72+5 b 6x°+ 6x~" —gxe € 53X 7—3X72
! 5 ]
d 10x* + 8x~° e 2x 3 +4x3 f 9x2 + 4x-3 + Ex_j;

dy _
. 4 Find y given that —— = (2x + 3)°. (4 marks) Problem-solving

Start by expanding the brackets.
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® 5 Find f(x) given that f'(x) =3x"2 + 6x2+ x — 4. (4 marks)

Challenge

d
Find y when d—y = (2Vx - xz)(
X

3+ x
Nl

@ Indefinite integrals

You can use the symbol [ to represent the process of integration.
n [f'(x)dx=f(x) + ¢

You can write the process of integrating x" as follows:

+1
xrdx =X +¢ n#-1

n+1
\\ The dx tells you to

integrate with respect to x.

The elongated S The expression to
means integrate. be integrated.

When you are integrating a polynomial function, you can integrate the terms one at a time.

n [f'(x) + g(x))dx = [f(x)dx + [g(x)dx

ENE o m PROBLEM SOLVING

Find:
a [(x2+2x3)dx b [(x2+2)dx ¢ [(p2x2+ q)dx d [(42 +6)dt
, .3 -
a [(xz+ 2x3)dx= ‘ZJ' + %‘ +cC e First apply the rule term by term.
_'2_
= E‘f F + %I‘* + ¢ Simplify each term.
8 el X7z B ama s
b ﬁ" kel ek e Remember—% +1= -%and the integral of the
==-2Xz2+2X+ ¢ constant 2 is 2x.
c f{pEJ.:_E + g)dx = _—;r‘ +gx +c¢ . The dx tells you to integrate with respect to the
L variable x, so any other letters must be treated as
=—pXT +gqx +c constants.
5 443 o :
d [(41? + 6)di = = o1+ c » The dt tells you that this time you must integrate

with respect to «.

— Use the rule for integrating x” but replace x with ¢

dy
Ifazk:", then y = "1y e, nz-l

in+1
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Before you integrate, you need to ensure that each term of the expression is in the form kx”,
where k and n are real numbers.

Find:
a f(i - 3~E)dx b fx(xz + %)dx c f((l\t)z + E'E‘; S)d.x‘

= J(@x=3 - 3x7)dx - First write each term in the form x”.
ey Blage

TR g Apply the rule term by term.

2
= X2 -2xX:4+C » Simplify each term.
. —% — 25+ » Sometimes it is helpful to write the answer in the
' same form as the question.
b f.r(;;E + T)dr

= [(x® + 2)dx - First multiply out the bracket.

)
— “E +2x+c - Then apply the rule to each term.

- f([:E’T}E "_Y_—E‘_El) A
b e
= f(4.1‘2 - L.f + %) dx - Simplify (2x)? and write Vix as x=.
A A

= [(4x2 + x~% + 5x2)dx - Write each term in the form x=.

Al oy Sy
= EJ-:"* + = et 5_? 5 L Apply the rule term by term.

g

— %x’ﬁ -2xz=5x"+¢ Finally simplify the answer.

o TR
= — -_— -+

3 : v X :

Exercise @ m PROBLEM SOLVING

1 Find the following integrals:
a [x3dx b [x7dx ¢ [3xdx d [5x2dx

2 Find the following integrals:
a [(x*+2x3%)dx b [(2x3 - x2 + 5x)dx ¢ [(5x2-3x2)dx

3 Find the following integrals:
a [(4x~2+3x-7)dx b [(6x2- x7)dx ¢ [@x T+ x2-x-7)dx
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4 Find the following integrals:
a [(4x3 - 3x~*+2)dx b [(x+x-7+x-7)dx

@ In Q4 part ¢ you are

integrating with respect to x,

¢ [(px*+2q+3x7)dx so treat p and ¢ as constants.

5 Find the following integrals:
a [(32 - t2)dt b [22 -3t~ + 1)dt ¢ [(pf+ ¢+ pri)di

6 Find the following integrals:

2x* + 3 e
a | (r—l) dx b [(2x + 3)2dx ¢ [(2x +3Wx dx
7 Find [f(x)dx when f(x) is given by the following:
i et lr) b (Vx +2) c (l_+ 2&)
g vX
8 Find the following integrals:
2 i ) 2+ Xx 3 i
2 f(,u+ XE)d:., b f( . +3)d.x‘ ¢ [(x2+3)(x = Ddx
2x + 1) far 3 B
a | %dx &l (3 +%)dx f [X(x +3)dx
9 Find the following integrals:
a f(i—S)dr b f(JP_x+%)dx C f(i)—z+qﬂ+r)dx
(E) 10 Given that f(x) = % +4/x - 3x + 2, x >0, find [f(x)dx. (5 marks)
® 11 Find f(&ﬁ + 6x — %) dx, giving each term in its simplest form. (4 marks)
VX
(E/P) 12 a Show that (2 + 5Vx)2 can be written as 4 + kvx + 25x,
where k is a constant to be found. (2 marks)
b Hence find [(2 + 5vx)dx. (3 marks)
® 13 Given that y = 3x° - e x>0, find [ydx in its simplest form. (3 marks)

JE.‘-‘

14 [( 2‘1 +pg)dx=2+10x +c G O Problem-solving

Integrate the expression on the left-hand
side, treating p and ¢ as constants, then
compare the result with the right-hand side.

Find the value of p and the value of ¢.
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@ Finding functions

You can find the constant of integration, ¢, when Sk migeas g gp=elii
you are given (i) any point (x, y) that the curve of .
the function passes through or (ii) any value that

the function takes. For example, ifaJi = 3x? then
X

y = x3 + c¢. There are infinitely many curves with
this equation, depending on the value of ¢ .

8

2

Only one of these curves passes through /_
0

/-?

(1.5, 5.375

this point. Choosing a point on the curve
determines the value of ¢.

\

= To find the constant of integration, ¢
* Integrate the function

» Substitute the values (x, y) of a point on the curve, or the value of the function at a given
point f(x) = k, into the integrated function

* Solve the equation to find ¢

& E o m ANALYSIS

. : ; ; =2
The curve C with equation y = f(x) passes through the point (4, 5). Given that f'(x) = =
find the equation of C. o
' xZ =2 ] B z : - ; ; : :
= ———=r—dn = § First write f'(x) in a form suitable for integration.
VX
So. Hx) = l}— P 2+ + ¢ Integrate as normal and don't forget the + c.
] z
= %x 5 — 4xT + ¢
But f(4)=5 - Use the fact that the curve passes through (4, 5).
So 5=§}<25—4>{2+{'
" L Remember 4: = 25,
= §5— -8+«
£ 24 N E— — Solve for c.
e
5 gsitll — Finally write down the equation of the curve.
o = 5
i s N
Tel i Xt - 4xz + 5 @ Explore the solution using O

technology.
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Exercise @ m ANALYSIS

1 Find the equation of the curve with the given derivative of y with respect to x that passes
through the given point:

b

a —=32+2x  point (2, 10)

i
dy 2
— 34 = 4 .

b e 4x 3 3 point (1, 4)
dy 1, .

¢ g-= Vx + i point (4, 11)
dy 3 .

d e E X point (4, 0)
e ¥ (xs2y oint (1, 7)
dx P ’

dy x2+3 :
f i e point (0, 1)

2 The curve C, with equation y = f(x), passes through the point (1, 2), and f'(x) = 2x3 - LE

X
Find the equation of C in the form y = f(x).
dv /&
3 The gradient of a particular curve is given by d,)x: = m; 3.
Given that the curve passes through the point (9, 0), find an equation of the curve.
® 4 The curve with equation y = f(x) passes through the point (-1, 0).
Given that f'(x) = 9x% + 4x — 3, find f(x). (5 marks)

dy

5 azl’:x—%—lﬁc X x>0

Given that y = 10 at x =4, find y in terms of x, giving each term in its simplest form. (7 marks)

: 6x + 5x3 : :
6 a Given that ————can be written in the form 6x” + 5x9,

Vx
write down the value of p and the value of ¢. (2 marks)
dy . 3
b Given that 4 = o f,_s‘l , and that y = 100 when x =9,
dx VX
find y in terms of x, simplifying the coefficient of each term. (5 marks)

® 7 The displacement of a particle at time ¢ is given by Problem-solving
the function f(7), where f(0) = 0.

Given that the velocity of the particle is given by joxsont r?eed b 5pec|ﬁ:c knnwlgdge
of mechanics to answer this question.

f(0)=10 -5, You are told that the displacement of
a find (1) the particle at time ¢ is given by f(2).

b determine the displacement of the particle when ¢ = 3.
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® 8 The height, in metres, of an arrow fired horizontally from the top of a castle
is modelled by the function f(7), where f(0) = 35. Given that f'(¢) = -9.8¢,

a find f(7)
determine the height of the arrow when 7= 1.5

b
¢ write down the height of the castle according to this model
d estimate the time it will take the arrow to hit the ground

e

state one assumption used in your calculation.

Challenge

1 A set of curves, where each curve passes through the origin, has
equations y = f,(x), y = f5(x), y = f5(x) ... where f ;(x) =f,_,(x) and
)=

a Find f,(x) and f5(x).

b Suggest an expression for f,(x).

2 A set of curves, with equations y = f;(x), y = f,(x), y = f5(x), ... all pass
through the point (0, 1) and they are related by the property
fa(x) = f,_1(x) and fi(x) = 1. Find f5(x), f3(x) and f,(x).

Chapter review o m EXECUTIVE FUNCTION
1

Find:
a [(x+1)2x - 5)dx b [(x3+ x3)dx

2 The gradient of a curve is given by f'(x) = x* - 3x - % Given that the curve

passes through the point (1, 1), find the equation of the curve in the form y = f(x).

3 Find:
a [(8x3—6x2 + 5)dx b [(5x +2)x2dx
: (x+ 1)(2x - 3)
4 QGiven y = - find |y dx.
® ) = /s
® 5 Given that % = (¢t + 1)’ and that x = 0 when ¢ = 2, find the value of x when ¢ = 3.
6 Given that y'i = x3+3,
a show that y = X3+ Ax3 + B, where A and B are constants to be found (2 marks)

b hence find [y dx. (3 marks)
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7

® 1

@ o

E/P) 14

CHAPTER 9

Given that y7 = 3x7 — 4x-7 (x > 0),

. dy
a find e (2 marks)
b find fyd.r. (3 marks)

f(ji;. T Gh)dx - _3.;:(3 + ldx + ¢

Find the value of « and the value of A.

A rock is dropped off a cliff. The height in metres of the rock above the ground after ¢ seconds
is given by the function f(¢). Given that f(0) = 70 and f'(¢) = —9.8¢, find the height of the rock
above the ground after 3 seconds.

A cyclist 1s travelling along a straight road. The distance in metres of the cyclist from a fixed
point after 7 seconds is modelled by the function f(¢), where f(¢) = 5 + 2t and f(0) = 0.

a Find an expression for f(7).
b Calculate the time taken for the cyclist to travel 100 m.

Consider the function y = 3xi—4x-3, x>0,

3 4
a Find dx (2 marks)

b Find [yd.x. (3 marks)

The diagram shows a sketch of the curve with equation

y=12xi— x5, for0 < x < 12.

a Show that d—} = E,m:‘%(4 - X). (2 marks)
dx 2

b At the point B on the curve the tangent to the

curve is parallel to the x-axis. Find the coordinates

of the point B. (2 marks)
Given that f(x) = % - 8/x +4x -5, x>0, find [f(x)dx. (5 marks)
2-x2)°
f’(x)z( N ) ,X#0
a Show that f'(x) = 8x-2—- 12 + Ax? + Bx*, where 4 and B are constants to be found. (3 marks)
b Given that the point (-2, 9) lies on the curve with equation y = f(x), find f(x). (5 marks)

Challenge

d
Points (1, 4) and (2, 12) lie on a curve whose gradient is given by—y =6x%—6x + k, where k is a constant.

dx

a Find the value of k.

b Hence, or otherwise, write down the equation of the curve.
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Summary of key points

dy 1
1 If—=x"theny= x"tl e nze-1.
dx Y n+1¥ A

Using function notation, if f'(x) = x", then f(x) = - }_ 1

xtt e nE-—1.

dy
2 If—=kx* theny= x?*lponE -1,

dx n+1

Using function notation, if f'(x) = kx", then f(x) = = i T

When integrating polynomials, apply the rule of integration separately to each term.

x"+l e nz -1,

3 [fddx=f(x)+c
4 [[f(x) +g(x))dx = [f(x)dx + [g(x)dx

5 To find the constant of integration, c:
+ Integrate the function

« Substitute the values (x, y) of a point on the curve, or the value of the function
at a given point f(x) = k into the integrated function

+ Solve the equation to find ¢
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Review exercise

Find the equation of the line which passes 6 The diagram shows triangle ABC,

through the points A(—2, 8) and B(4, 6),
in the form ax + by + ¢ = 0. 3)

« Section 5.2

The line / passes through the point (9, —4)
and has gradient % Find an equation for /,
in the form ax + by + ¢ = 0, where a, b and
¢ are integers. 3)

¢« Section 5.2

The points A(0, 3), B(k, 5) and (10, 2k),
where k 1s a constant, lie on the same
straight line. Find the two possible values
of k. (5)

« Section 5.1

The line /, has equation y = 3x — 6.
The line /, is perpendicular to /; and passes
through the point (6, 2).
a Find an equation for /, in the form
y = mx + ¢, where m and ¢ are
constants. (3)
The lines /; and / intersect at the point C.
b Use algebra to find the coordinates of C.
(2)
The lines /; and /; cross the x-axis at the
points 4 and B respectively.

¢ Calculate the exact area of
triangle ABC. (4)

« Sections 5.3, 5.4

The diagram shows triangle ABC,

with AB =V5cm, 2ABC = 45° and

£2BCA = 30°. Find the exact length

of AC. 3)

Mot to scale

« Section 6.2

7

8

9

with AB=5cm, BC=(2x — 3)cm,
CA=(x+1)cmand 24ABC = 60°.
B

Scm (2x —3)cm

A (x + 1)cm C Not to scale

a Show that x satisfies the equation
x2—-8x+16=0. (3)

b Find the value of x. (1)

¢ Calculate the area of the triangle,
giving your answer to 3 significant
figures. (2)

« Section 6.4

Ship Bis 8 km, on a bearing of 030°,

from ship A.

Ship Cis 12 km, on a bearing of 140°,

from ship B.

a Calculate the distance of ship C from
ship A. (4)

b Calculate the bearing of ship C from
ship A. 3)

« Section 6.4
The triangle ABC has vertices A(—2, 4),

B(6, 10) and (16, 10).
a Prove that ABC is an isosceles

triangle. (2)
b Calculate the size of ZABC. 3)
« Sections 5.4, 6.4

The diagram shows AABC.
Calculate the area of AABC. (6)

A D 0

«—8.6cm——

« Section 6.4



182 2 REVIEW EXERCISE

® 10 a On the same set of axes, in the interval @ 13 a Sketch, for 0 = x = 2, the graph of

0 < x < 360°, sketch the gﬂraphs of s cos(x B E)_ @)
y =tan(x — 90°) and y = sin x. Label 3
clearly any points at which the graphs b Write down the exact coordinates of
cross the coordinate axes. (5) the points where the graph meets the

b Hence write down the number of coordinate axes. 3
solutions of the equation ¢ Solve, for 0 = x = 27, the equation
tan (x — 90°) = sin x in the interval cgg(x = %) = —0.27, giving your
0 < x =< 360°. 1) answers in radians to 2 decimal places.

< Section 6.6 (5)

<« Section 6.6

® 11 The graph shows the curve

y =sin (x +45°%), ~360° < x < 360" @ 14 In the diagram, 4 and B are points on
VA the circumference of a circle centre O
n(x + 45°) and radius 5¢cm

¥ = sin{x )
/-\ //\ 2AOB = f# radians
- AB=6cm
\/O \/ :
a Write down the coordinates of each

point where the curve crosses the
X-axis. (2)

b Write down the coordinates of the
point where the curve crosses the

y-axis. (1)
« Section 6.6 a Find the value of 6. 2)
® o i — b Calculate the length of the minor arc
1 ABto 3 s.f. (2)
equation y = sm(x + T) —2x = x = 2. « Section 7.2
= sm X+ TT 4 15 In the diagram, ABC is an equilateral
\ ! triangle with side 8 cm. PQis an arc
\ \ of a circle with centre 4 and radius 6¢cm.
> Find the perimeter of the shaded region

. O I I :,E: ] )
va \7 27 in the diagram.
=1

Calculate the coordinates of the points at
which the curve meets the coordinate axes.

3)

« Section 6.6

)

« Section 7.2
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EP) 16

In the diagram, AD and BC are arcs of
circles with centre O, such that
OA=0D=rcm, AB=DC=10cm and
£BOC = @ radians.

10cm

10cm C
a Given that the area of the shaded

0 5. 4)
b Given also that r = 66, calculate the
perimeter of the shaded region.

region is 40 cm?, show that r =

(6)

« Sections 7.2, 7.3

In the diagram, AB =10cm, AC =13cm
and £CAB = 0.6 radians.

BD is an arc of a circle centre 4 and
radius 10 cm.

10cm A

a Calculate the length of the arc BD. (2)

b Calculate the shaded area in the
diagram to 1 d.p. (3)

« Sections 7.2, 7.3

18 The diagram shows the sector OAB of

a circle with centre O, radius rcm and
angle 1.4 radians.

@ 19

) 21

EP) 22

The lines AC and BC are tangent to the
circle with centre O. OEB and OFA are
straight lines. The line ED is parallel to
BC and the line FD is parallel to AC.

a Find the area of sector OAB, giving
your answer to 1 decimal place.

The region R is bounded by the arc AB
and the lines AC and CB.

b Find the perimeter of R, giving your
answer to 1 decimal place.

(4)

(6)

« Sections 7.2, 7.3

The diagram
shows a square,
ABCD, with side
length r, and two
arcs of circles

A r B

r

with centres A
and B.

D ¢
Show that the area of the shaded region

s (33 5
1512(\; - 7). (5)

« Sections 7.2, 7.3

Prove, from first principles, that the
derivative of 5x%is 10x.

C))

« Section 8.2

Given that y =4x° - 1 + 2x2, x > 0,

find 2
nd . (2)

« Section 8.5

The curve C has equation
y=4x+3x2-2x2 x> 0.

dy

a Find an expression for e (2)
: 5

b Show that the point P(4, 8) lies on C. (1)

¢ Show that an equation of the normal
to C at point Pis 3y = x + 20. (2)

The normal to C at P cuts the x-axis at

point Q.

d Find the length PQ, giving your answer
in simplified surd form. (2)

« Sections 8.5, 8.6
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(ﬂ)24

® 25

The curve C has equation
S-x
X

y=4x+ , x#0.

The point P on C has x-coordinate 1.
dyv

a Show that the value of d—i at Pas 3, A3)

b Find an equation of the tangent to C
at P. (3)

This tangent meets the x-axis

at the point (&, 0).

¢ Find the value of %. (1)

« Section 8.6
(2x + 1)(x + 4)

VX

x=l)

i o

a Show that f(x) can be written in the
form Px:+ Ox: + Rx~, stating the
values of the constants P, Q and R. (2)

b Find f'(x). (3)

¢ A curve has equation y = f(x). Show
that the tangent to the curve at the
point where x = 1 is parallel to the line

with equation 2y = 11x + 3. (3)
&« Section 8.6

Given that y = 3x2 + 4Vx, x > 0, find

dy 7
1 dx (2)
d2y
e @
¢ [ydx 3)

« Sections 8.7, 9.2

The curve C with equation y = f(x) passes
through the point (5, 65).
Given that f'(x) = 6x? = 10x - 12,

a use integration to find f(x) (3)
b hence show that f(x) = x(2x + 3)(x — 4)
(2)

¢ sketch C, showing the coordinates of
the points where C crosses the
X-axis. (3)
¢« Sections 4.1, 9.3

REVIEW EXERCISE

Challenge M SKILLS @il

1 The diagram shows VA

a square ABCD on

a set of coordinate A
axes. The square
intersects the x-axis
at the points B and
S, and the equation
of the line which
passes through B C
and Cisy=3x-12.

a (alculate the area of the square.

b Find the coordinates of S.

< Sections 5.2, 5.4

A chord of a circle, centre O and radius r, divides
the circumference in the ratio 1:3, as shown in
the diagram. Find the ratio of the area of region
P to the area of region Q.

'

Ix

« Section 7.3

The graph of the cubic function y = f(x) has

turning points at (-3, 76) and (2, —49).

a Show that f'(x) = k(x° + x — 6), where k is a
constant.

b Express f(x) inthe form ax® + bx?+ ex + d,
where a, b, ¢ and d are real constants to be
found. « Section 9.3



EXAM PRACTICE

Exam practice

Mathematics
International Advanced Subsidiary/
Advanced Level Pure Mathematics 1

Time: 1 hour 30 minutes
You must have: Mathematical Formulae and Statistical Tables, Calculator
Answer ALL questions

1 Simplify
a (Zm"lﬁ )2
b (242 V6b)3

R :
¢ Simplify k_ giving your answer in the form

-_—

p + qV7, where p and ¢ are rational numbers.

2 Solve the simultaneous equations
y+3x+1=0
W+ 11x2+3x=0

3 The point (9, 5) lies on a curve with equation y = f(x).

Given that f'(x) = Vx - —1_— x > 0, find f(x).
vX

Give each term in your answer in its simplest form.

x2 =10 : : 3
T ——can be written in the form Ax? + Bx9, where A, B, p and ¢ are

51-"'.3(
constants to be determined.

a Find A, B, p and ¢.

: ; x: =10
Hence or otherwise, given that y = ——amd & =0

VX
sz QY e :
b find o Sving your answer in its simplest form

¢ find fydx , glving your answer in its simplest form.

(2)
(2)

3)

(6)

(6)

(3

“4)

(3)
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5 Figure 1 shows a sketch graph with equation y = f(x). VA

The curve passes through the origin O and has a maximum 449

point A at (—4, 9) and a minimum point B at (2, —3). e

On separate diagrams, sketch the curves with equations

a y=2f(x) 3)

b y=1f(x)-9 (3)

¢ y=1(x+2) (3) 0 x

d y=12x) (4)

B(2,-3)
On each diagram, show clearly the coordinates of the
maximum and the minimum points. Figure 1
. -3 —— :

6 Giventhat y=2x2+9 {x + = ,_6, x >0, find —}. Give each term in your answer

e i dyv'x dx

in simplified form. (6)
7 The equation x? + kx + (k + 4) = 0, where k is a constant, has distinct real roots.

a Show that kK2 -4k - 16 > 0. (3)

b Find the set of possible values of k, giving your answer in surd form. (5)
8 x-2py=-3

3x-2y+qg=—-4

are simultaneous equations where p and ¢ are constants.

The solution to these simultaneous equations is x = 1, y = ¢. Find the values of p and g¢. (6)
9 A curve C has equation y = cos(x - %) 0=x=2m.

a On the axes below, sketch the curve C. (2)

b Write down the exact coordinates of all the points at which

the curve C meets or intersects the x-axis and the y-axis. (3)
M
o
10 A straight line has gradient 3 and passes through the point (2, 1).
At point P it intersects a line with equation 2x — 3y + 6 = 0.
Find the coordinates of point P. (4)

TOTAL FOR PAPER: 75 MARKS



GLOSSARY

GLOSSARY

algebraic (as opposed to graphical) - representing
mathematical information symbolically (using
numbers, letters and other signs) rather than visually
(using graphs)

appropriate suitable, sensible. It is appropriate

to give an answer to 1 decimal place if it is not an
integer

arc part of the circumference of a circle

axis (plural axes) either of the two lines by which the
positions of points are measured on a graph

base in the expression 43, 4 is the base

base (of a triangle) any side, but usually the side
parallel to the bottom of the drawing

bounded enclosed

ab _qmub b
cancel (out) for example: VA Ty

chord a line segment joining two points on the
circumference

circumference the perimeter of a circle

collect to bring together terms of the same type

common factor — a quantity that will divide without
remainder into two or more other quantities

congruent (triangles) having sides of equal lengths
(as well as equal angles)

consider think about

constant a term that does not include a variable.
In the expression 3x° + 4x + 2, the term 2 is a
constant

coordinate grid the set of points defined by the axes
on a graph
cubic expressions in which the highest power is 3

cuboid a six-sided solid whose sides are all
rectangles, placed at right angles. Can be, but not
necessarily, a cube

deduce to reach a logical conclusion. If x + 2 =3,
we can deduce that x =1

denominator the lower part of a fraction. Bin %
determine to find out. By analysing the equation of a
curve, we can determine whether or not it is a circle. If
you are asked to determine a quantity, that quantity
is to be determined

difference the result of subtraction

dimensions the size of something, usually given as
its length, width and height

discard to cancel or remove (for example, to ignore a
solution that doesn’t make sense)

displacement change of position
distinct different

elimination the removal (elimination) of a variable in
two simultaneous equations

evaluate calculate the value of. If x = 2, we can
evaluate 4x to 8

expand to multiply out terms in brackets

explore to make discoveries about a region by
visiting various parts of it
express rearrange or write in a different form.
We can express 3 x 3 as 3°

expression any group of terms that represents
something mathematical. x + 1, 4x?and y + 3x3 + 2x2
are expressions

factor a number that divides into another number
exactly

factorise to rewrite an expression using brackets.
We factorise x? + 3x + 2 to get (x + 1)(x + 2)

formula a mathematical expression or equation with
a particular meaning

formalise to clearly describe the details of a process
fractional less than 1

given that (statement)... if we know that
(statement) is true...

gradient slope

graph (noun or verb) a mathematical function
represented visually

hence means the same as therefore’ or 'so”:
2x=6hencex=3

illustrate to help to show the meaning of something,
usually by visual means

indefinite (integrals) not having a fixed value

index (plural indices) the power to which a quantity
is raised, shown as a small number (superscript).
For example, the number 3 in x°

inequality the opposite of an equation. The equals
sign (=) is replaced by an inequality sign: =, =, <, =,
<> or = For example ‘x = 1" means "x is greater than
orequalto 1’
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integer a whole number

intersection the point at which two or more curves
cross (intersect)

isosceles (triangle) having two equal sides, hence two
equal angles

label (noun or verb) text helping to explain a picture

lie on if a point lies on a curve, the curve runs through
that point

like terms have the same variable raised to the same
power. In the expression 4x> + 5x% + 3x% + 5x — 3, 5x*
and 3x? are like terms

line segment a line between two points
linear where the variables have the power 1. Hence

y=2x+3islinearbut y=x%*and y = % (ie.y=x1)
are not. A linear function can be represented by a

straight line

local (as opposed to global) in the context of nearby
values, but not necessarily of values further away

manipulate (an expression) to change it into a more
convenient form

member (of, for example, a set) belonging to
minor, major arc the minor arc is measured by the
shorter route around the circumference

numerator the upper part of a fraction. 4 in %

overlap if two or more things overlap, part of one
thing covers part of another

perimeter the whole length of the border around an
area or shape

period how often a curve repeats itself.
sin # has a period of 360° (27)

polynomial usually has three or more terms,
eg x2+5x+2

power if a number is increased to the power of three,
four, five etc,, it is multiplied by itself three, four, five
etc. times. A4 to the power of 2is 4 x A, written as A?

prime an integer that has no integer factors.
For example, 21 =7 x 3, so 21 is not prime

product 2 x 3 =6, 50 6 is the product of 2 and 3

projectile motion the movement of an object after it
has been thrown or fired

quadrant a quarter of a circle

quadratic an expression such as x* + 2x + 3,
containing a variable to the power of 2 (but no
higher power)

quadrilateral has four sides

rational any real number, including integers, that
can be written as a fraction, even if it produces a
repeating decimal. Many functions are irrational:
most roots, logarithms and trigonometric functions,
and the constants nand e

radius (plural radii) the line segment joining

the centre to the circumference of a circle

real any number representing a quantity. 3, -3, /3,
%. log 3, sin 3, n and e are all real. /=3 and In(=3) are
both unreal. Not all real numbers are rational
rearrange to put terms in a different order

reciprocal the reciprocal of e is - and vice versa

4 " 31
region an area of a graph enclosed by curves or lines

roots (of an equation) the set of all possible
solutions. A quadratic equation usually has two roots

scale extent to which a shape has been stretched

scalene (triangle) having no equal sides or equal
angles

sector is bounded by an arc and two radii
segment is bounded by an arc and a chord
set a group of similar items

set notation using symbols suchas{} N U R

shade to make part of a picture or drawing darker
or otherwise different from its surroundings

significant figures digits counted from the first
(non-zero) digit on the left

simplify to replace an expression with a simpler,
usually shorter, one

sketch (noun or verb) a drawing that explains
something without necessarily being accurate

square number the number formed when an
integer is multiplied by itself. 9 is a square number
(the original integer being 3)

square root (of x) the number which, when
multiplied by itself, equals x

steep at a large angle

stretch make larger or smaller. The latter meaning
is exclusive to maths

substitute to replace something (e.g. a variable)
with something else (e.g. a value). Let y = x + 1.
If we substitute x =2, we findthat y=2+1=3

subtend the angle subtended by an arc is
the angle at the centre formed by the two radii



GLOSSARY

surd /4 = 2, but 2 can’t be resolved into a rational
number, We call v'2 a surd

symmetrical, symmetry two shapes are symmetrical

if one can be transformed into the other by reflecting,

rotating or stretching

term a separate part of a mathematical expression.
The function ax? + bx + ¢ has three terms: (i) ax?,
(i) hx and (iii) c.

transform translate, rotate, reflect or stretch
translate move

trigonometric concerned with the relationship
between the angles and the sides of triangles

undefined not having a meaning or a value,
for example the result of division by zero

vertex (plural vertices) where two lines meet at
an angle, especially in a shape such as a triangle
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ANSWERS

CHAPTER 1
Prior knowledge check

2x%y + 9xy + 2y + Sy* - dy

6x%y + 4xy® + 2y* - 3ay - 3y

2x% + 2x%y — Tx? + 3xy - 15x
24x% - bx’y — 2627 + 2xy + bx
6x% + 15x? — 3x%y — 18xy? - 30xy

1 a 2m?n+3mnr* b 62°-12x - 10
2 ‘@ 28 b 2¢% ¢ 26
3 a 3x+12 b 10 - 15x ¢ 12x - 30y
4 a 8 b 2x c xy
5 a 2x b 10x ¢ 5?1'
Exercise 1A
1 a af b 6x° c k d 2p?
e x r yio g Byl h p?
i 2a? j 2p k 6a’ 1 3a?b’
m 27x8 n 24x!! o 63al? p 32y°
q 4a® r 6a'?
2 a 9r-18 b x?+9
¢ -12y + 9y? d xy+5x
e -3x%-05x f -20x% - 5x
g 4x® + 5x h -15y + 6y
i -10x% + 8x j 3x3-Dat
k 4x -1 1 2x-4
m 9d? - 2c n 13 -r2
0o 3x° - 2x% + 5x p 14y - 35y° + 21y
q -104% + 1443 - 6y* r 4x+ 10
s 1llx -6 t 7x2-3x+7
u -2x%+ 26x v =01 + 2327
3 a 3x°+5x° b 3x*-x° c %1 -x
d -’-1.:r2+E ¢ E+x I 3.'?1.'4—E
2 B 3

Exercise 1B

1 x2+ 11x + 28

X2 -x -6

x2—-4x + 4

222 + 3x - 2xy - 3y

4x? + 11xy - 3y*

6x% - 10xy — 4y

222 - 11x + 12

922 + 122y + 4y

4x% + 6x + 1bxy + 24y

2x% + 3xy + 5x + 15y - 25
3x2 - 4xy-8x+4y+5
2x% + bx - Txy — 4y* - 20y
x2 + 2x + 2xy + 6y - 3

22 + 15x + 2xy + 12y + 18
13y — 42 + 12 - 4y? + xy
12xy — 4y* + 3y + 15x + 10
Sxy — 20y — 2x% + 11x - 12
22y — 4y® - 5x + xy - 10
522 — 15x — 20

14x* + 7x - 70

3x2 - 18x + 27

x3 - xy?

bx* + 8x? + 3x%y + 4xy

x%y — 4xy — 5y

12x%y + bxy — 8xy® — 4y*
19xy - 35y - 2x%y

10x? — 427 + bx%y - 2xy

x3 + 3x%y — 2x% + bay — 8x

2
e e mEgn e O RO PR H.::-::a:g_:rh-—-:-m o S TR

22 +622+11x+ 6
3+ x% - 14x - 24
23 -3x2-13x + 15
x3 - 1222 + 47x - 60
2x3 - x2-5x-2
6%+ 192 + 11x -6
1823 - 1522 - 4x + 4
a3 - xy? - a2+ 2

MEgepgmruramesyg—F

222 - xy + 292 - Ty + 24
(423 + 1222 + 5x - 6) cm?
g=12,0=32.¢=3.d=-5

1o W

Challenge
x* + 423y + 6222 + 4xy? + yt

Exercise 1C

8x3 - 36x%y + Sdxy® - 2Ty3

1 a 4(x+2) b 6(x-4)
¢ 5(4x + 3) d 2(x2+2)
e 4(x?+5) f o6x(x-3)
g xx-7) h 2x(x + 2)
i x3x-1) j 2x2(3x-1)
k 5y(2y-1) 1 7x(bx -4)
m x(x + 2) n y3y+ 2)
0 4x(x+3) p Syly—-4)
q 3xy(3y + 4x) r 2ab(3-0)
s Sz(x - Syl t  4xy(3x + 2y)
u 5y(3 - 4z?%) v 6(2x2-5)
w xyly — x) x 4y(3y - x)
2 a x(x+4) b 2x(x + 3)
¢ (x+ 8)x+ 3) d (x+6)x+ 2)
e (x+ 8)x-5) f (x-6)x-2)
g (x+2)x+3) h (x-6)x+4)
i (x-0)x+2) j (x+5)x-4)
k 2x+ 1)(x + 2) 1 (3x-2)x + 4)
m (bx - 1)(x - 3) n 2(3x + 2)x - 2)
0 (2x - 3)(x +5) p 2(x% + 3)(x? + 4)
q (x+ 2)x-2) r (x+7)x-7)
s (2x+ 5)2x - 5) t (3x + 5y)(3x - Sy)
u 4(3x+ 1)(3x-1) v 2(x+ 5)x-5)
w 2(3x-2)x-1) x 3(5x-1)x+ 3)
3 a x(x2+2) b x(x2-x+1)
¢ x(x2-05) d x(x+ 3)x-3)
e x(x-4)x+3) f x(x+5)x+6)
g x(x - 1)x - 6) h x(x+8)x-8)
i 2(2x+ 1)(x - 3) j x(2x+ 3)x + 5)
k x2(x+2)x-2) 1 3xx+4)Nx +5)

4 (2 +y)x + yllx - y)
5 x(3x + 5)(2x - 1)

Challenge
(x — D)(x + 1)(2x + 3)(2x - 3)

Exercise 1D

1 & h x2 ¢ xt d »*
e xf f 122°=12 g 3a: h 5z
i 6x jooxi k z¢ 1 x

@ Worked solutions are available in SolutionBank.



2 a b b 729 c
1 1
¢ 3 125 g
. 125 4
1 0 J 4 k
3 a 8x° b i} =
x2  xd
1 2
d EE + 4 e ;E + EE
3 9 1 1
g -5« h 342 e
4 a 3 b
x 32
5 a = h =
2 16
Exercise 1E
1 a 27 b 6/2 c
e 3/10 f 3 g
i 72 j o127 k
m 235 n 2 0
2 a 2/3+3 b
¢ 4/2-v10 d
e 6-2/7-3/3+/21 f
g 85— E‘r'r:.g h
i 3+5/11
3 3/3

Exercise 1F

11+6v2
49

81-30v2
529

d

5
4 el
T2

NN

Chapter review 1
1 a 3# b
2 a x*-2x-15

h 5(4 +14)

L 14- V187

bx7 c
b

¢ 6x?-2xy + 19x - 5y + 10

1

3 16
1 216
5 G
3 I &

¢ SHxt

8 .6

f EFIf
52 d 42
=37 1 975
19,3
3/5 - /15

6+2V5 -3V2 -10
13 + 65
Riaaia

i

2
2
r 1
4

3+ '.,:'r
2

(3 -V2)(4 +5)

11
11(3 - V11)
-2
35 + /1189
b

44 + 242
49
7-3/3

i

11

32x d 12H°
6x2 - 19x -7

¥+ 6x2 -13x - 42

15x2 - 25x%* + 10x*
Ox3 — 3x2 + 4x
2y(2y + 5)

2xy(4y + Sx)

3x(x + 2)

(2x = 3)x + 1)

(1 -2x)6+=x)

x(x + 6)(x - 6)

627 d lx

10+ 2/3 - 5/5 - /15

¢ -3/3-6
¢ 23+ 8,7
81

(x + 3)(x - dMx + 1)

3 a x4+ 3xF-4x b
¢ 6x3-522-17x+6
4 a 15y+12 b
¢ 16x% + 13x d
5 a x(3x+4) b
¢ xlx+y+y?) d
6 a (x+1x+2) b
¢ (x-Tix+5H) d
e bx+2)x-=-3) f
7 a 2x(x2+3) b
¢ x(2x - 3)x + 5)
8 a 3ax° b 2 c
4 3375
9 a [ b 4013
10 a 7 b 4/5
i
11 a 21877
b (bx +6)(7x - 8)
Whenxr=25,5x+6=131and 7x - 8 = 167;
both 131 and 167 are prime numbers.
12 a 3v2+4/10 b
c 24-6/7 -4/2 +/14
13 a : b vZ+1
d m e 7-4/3
14 a b=-4ande=-5 b
15 a i.r b 25613
16 D 1 =3 +/2

/75 V50 V3 -42
17 —36 + 10V11
18 x(1 + 8x)(1 - 8x)

19 y=6x+3
20 443
21 (3-v3)cm
Bt ht P
Xz
23 4 |
24 4ri+zx’a=3b=2
Challenge
a a->b
p 01~ Vv2) + (V2 - '."31]' + ... + (V24 - V25) _ BT
CHAPTER 2
Prior knowledge check
1 a x=-5 b »x=3
¢ xr=5Horx=-5 d 160r0
2 a (x+3)x+5) b (x+5)x-2)
¢ (3x+1)x-5) d (x-20)(x + 20)
3 a yh b [I
10)
0 /2 X
4}/ 0 5\ x




3 ¢ Ui d YA

P

0 18\ * 0 x
4 a x<3 b »=9 c x=25 d »>-7

Exercise 2A

1 a x=-lorx=-2 b x=-1lorx=-4
¢ x=-Horx=-2 d x=3orx=-2
e x=3o0rx=>5 f x=4o0orx=5
g x=6orx=-1 h x=6orx=-2
2 a x=0orx=4 b x=0o0rx=25
¢ x=0o0rx=2 d x=0o0rx=6
e r=-lorx=-3 r Iz—%ﬂr.:r:%
g x=-2orx=3 h x=3orx=3
3 a x=%nrx=—2 b x=30rx=0
¢ x=13o0rx=1 d x=2o0rx=-2
e x::i;'rz:; f r=3+.13
g I=1t;11 h leﬁrx:—%
i z=—jorx=1% j z=0o0rzx=-3
4 x=4
5 x:—lnrx:—%
Exercise 2B
1 a x=3(-3%/5) b x=3(3=%/17)
¢ x=-3%3 d x=3(533)
e x=1+(-5+131) f x=3(1%2)
g x=2orx=—1 h x=-(-1%78)
2 a x=-05860rx=-341 b x=787orx=0.127
¢ x=07650rx=-118 d x2x=891orx=-191
e r=01050rx=-190 f x=384orx=-2.34
g x=477 orx=0,5508 h x=48%0rx=-1.23
3 a x=-borx=-2 b xr=1.090rzx=-10.1
¢ xr=911orxz=-0.110 d x=—§nrr=—2
e r=1lorx=-9 f x=1
g x=4680rx=-1.18 h =3 org=>5

4 Area-= %[21] (x + (x + 10)) = 50 m?

Sox*+5x-25=0
Using the quadratic formula:

x = 3(-5 + 5V5)
Height = 2x = 5(/5 - 1)m

Challenge
x=13

Exercise 2C

1 a (x+29-4 b (xr-3)?2-9
¢ (x-8)2-64 d x+3P-4
e (x-7)-49

2 a 2(xr+4)?-32 b 3(x - 4)?-48
¢ 5lx+2)2-20 d 2(x-22-2
e -2(x-2)2+8

3 a 2x+2P-7 b 5(x-32-2
¢ 3x+32-3 d —4(x+2)+26
e -8(x-32+3

Exercise 2D

1 a x=-3+22 b x=-6=+33
x=-2+/6 d x=5=+,30
2 a x=3(-3+15) b x=:(-4+26)
¢ x=3(1%£129) d x=3(-3%39)
3 a p=-T7,0=-48
b (x-7)%=48
x=7+V48 =7 + 4/3
r=7,5=4
4 22+2bx+c=x+bF-b+c
x+biE=b-¢
x=-b+bi-c
Challenge
a ax!+2bxr+c=0 b ax?+bx+c=0
x2+‘%h.r+g=0 I2+gx+§=ﬂ
\ 2 o . 2 ., :
[+2) -2 4g=0 (x+25) ~2@+a=0
.2 i 2 2 _
v b)f e R
h2 —b+Vb%-4ac
x:_gi]rllh ;;H; ol b+ ;ﬂ dac
Exercise 2E
1 a 8 b 7 c 3 d 10.5 e 0O
f o g 25 h 2 i 7
2 a=4ora=-2
3 & 3 b 2and -9 ¢ -10and 4
d 12and-12 e 0,-5and-7 f 0,3 and-8
4 x=3andx=2
5 x=0,25and6
6 a (x-1)¢+1
p==1l,g=1
b Squared terms are always =0, so the minimum
valueis0+1=1
7 a -2and-1 b 2, -2,2/2 and -2/2
¢ -landz d ;and1
e 4and25 f 8 and-27
8 a (3*-27)(3*-1) b Oand3

Exercise 2F

1

o y=x>-—6x+8

(0, 8)

Y

(4,0) ¥

Turning point: (3, -1)
Line of symmetry: x = 3

@ Worked solutions are available in SolutionBank.



=10)

y=x>+2x-15
Turning point: (-1, -16)
Line of symmetry: x = -1

I
y =25 x2 (0, 25)

Turning point: (0, 25)
Line of symmetry: x =0

dy_yx2435+2 ¥

(-2, 0)

Turning point: (— % - %]

Line of symmetry: x = —

3| s

Eillrjll5,¢f=—.1:2+ bx +7

(0, 7)

(-1, 0) .
[f) (7, m\ x

Turning point: (3, 16)
Line of symmetry: x = 3

I A
/[[}, 10)

y=2x2+4x+ 10

=Y

0

Turning point: (-1, 8)
Line of symmetry: x = -1

5 nﬂ /‘% 0)

0 ¥
(0,-15)

y=2x"+7x-15
. —— A
Turning pmm.( g J

Line of symmetry: x = —%

0
y=6x2-19x + 10
o oint: (19, 121
Turning point: (35, —57)
19

Line of symmetry: x = 15

Turning point: (

Line of symmetry: x =

J 5x2+02x+002Y

\ (0. 0.02)

—0.2.0) 0

Turning point: (-0.2, 0)

Line of symmetry: x = —-0.2

a a=1,b=-8,¢c=15
b a=-1,=3,c=10
¢c a=2,b=0,c=-18
d

3 a=3.6=-30,c=72

Exercise 2G

1 a i 52 ii -23

iv O v —-44
b i hix) ii flx)

iv jlx) v glx)

2 k<9

3 t=3

4 s5=4

5 k}%

6 a p=6 b z=-9

7 a k*+16

ili 37

iii  k(x)

b k?is always positive so k2 + 16 > 0

Challenge

a Need?b?>4dac. lfa,c>0o0ra,c<0, choose b such that
b= 4ac. If a > 0 and ¢ < 0 (or vice versa), then

dac < 0, so 4ac < b2 for all b.

b Notif one of a or ¢ are negative as this would require b
to be the square root of a negative number. Possible if

both negative or both positive.
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T T
Chapter review 2 Using quadratic formula: b 0 PR
1 = -1 or -2 b x=%0r-5 52
N e =l Soibicis O 198
1 B+ 7 2
¢c x=-zor3 3= 2 -
> 4 Dividing by e:——*2 . 1
b Letx=11 +l-"r1 .+ "r:;]..'l' 1,'1 + ...
Sox=Vl+x=22-2-1=0
o Using quadratic formula: x = Eaton
b
CHAPTER 3
Prior knowledge check
1 a AnB={1,2,4) b (AuB)y ={7,9,11,13)
(0, -3) 2 a 5/3 b 5+ 2/2
" gy 3 a graphii b graph iii ¢ graphi
Exercise 3A
(0, 6) e 3 goal
¢ I=2,Iy=—2 r=45y=-3
e I:—%,H:E =3 9y=3
(=3, 0) 2 W p=hig=2 b 125%,5’:—6
¢c z=1l,y=-4 d I=1§,H:£
d ¥4 3 a x=-1,y=1 b x=4,y=-4
¢ x=050,y=-20
4 a 3x+ky=8(1);x-2ky=5(2)
(1) x 2: 62 + 2ky = 16 (3)
2)+3)7x=21s0x=3
(0,0) U g
0 5 p=3,g=1
3 @& k=1 b *x=3andx=-2 Exerc'5E3_B _ _ i
4 a k=00902o0rk=-11.1 1 a x=5,y=6orx=6,y=5
b t=2.280rt=0.219 b x=0,y=1lorx=34y=-2
¢ x=-2300rx=1.30 ¢ I=—1,y=—3ﬁr:€=1,y=3
d x=0.8390rx=-0.239
5 a [I+ﬁ]2—45;ﬁ=1,q=6,r=—45 d ﬂ:l,h:ﬁﬂrﬂ:g,ﬁ:—l
b 5(x-42-67;p=5,q=-4,r=-67 e u=13,v=40ru=2,p=3
¢ -2-2P+8p=-2.9=-2.r=8 f x=-11,y=53o0rx=3,y=-1
d 2x-5 -Hp=2.g=-51r=—; 2 a x=3,y=gorx=63y=-22
. 1 2 :
b 5, 2 b xr=4l,y=4lorx=6,y=3
7 & p=3.g=2,r=-7 b -2=+3 _ _
8 a fx)=(@2'-16)2:~4) b 4and2 ¢ x=-19.y=-150rx=6.y=5
. 1L : G N R
S I o 13
10 x=-50rx=4 S = _. , :
11 a 10m b 1.28s¢ b I=2—3'{:‘I,H=3+2'-.."5 l']rI=2+3'.'5,H=3—2'-.:'5
¢ h(t) = 10.625 - 10(t — 0.25) 4 x=-5y=8orx=2,y=1
A =10.625, B=10,C=0.25 5 a 3?+x(2-4x)+11=0
d 10.625m at0.25s 3%+ 2x - 4x*+ 11 =0
12 a 16k%+ 4 at-2x-11=0
b k2= 0 for all k, so 16k + 4 > 0 b x=1+23.y=-2-83
¢ Whenk=0,f(x) = 2x + 1; _ r=1-243,y=-2+8/3
this is a linear function with only one root 6 a k=3,p=-2
13 1,-1,2 and -2 b x=-6y=-23
Challenge Challenge
bic b y=x+k
h o ¥+(x+kPF=4
B2—rb=c2=0 2+ +2kx+k2-4=0

2x2+ 2kx+k2-4=0 for one solution 62 - 4ac =0

@ Worked solutions are available in SolutionBank.



4k? - 4 x 2(k2-4)=0 8 a y=2x-1
4k% - 8k2+32=0 4k?=32 k2=8 k=122 x? + 4k(2x - 1) + 5k =0

. x*+ 8kx -4k +5k=20 ¥+ 8kx+k=0
Exercise 3C b k=2 ¢ r=-1,y=-3

1 a i if 4

Exercise 3D

- 1 a x<4 b x=7 c x>21 d xr=-3
0 x e x<11 f I{E% g x>-12 h r<1
\ i x=38 i .r}'l%
2 a x=3 b x<1 C x&'—S% d x<18
i (2,1) e x>3 I 1?4% g x<4 h z2>-7
b i y 4 i x<-1 j zx=3 k z=-12 1 z==
3 a {x:x>2)) b {x:2<x<4)
. ¢ {x:2;<x<3} d No values
0 x e x=4 f {r<l2Ufex>2.2)
g mr=-FHulrx=3
i (3, _"1] Challenge
c i yA p=-1,g=4,r=6

Exercise 3E

1 a 3<x<8 b -4<x<3
I ¢c x<-2.x>5 d r=-4,x=-3
\ e —%{I{T f x{—Z,x}E%
g ,_%f-_xﬂ.l% h x::%,xraz
ii (-0.5,0.5) i -3<2<3 j x<-252>3
2 a i A K #<l;x>5 1 -13=2<0
2 a -b<cx<?2 b x<-1,x>1
C %c::r{’l d —3#:..1%:%
— 4 > 3 a [x:21{1~:4] b {x:x>3)
¢ {x: —E{:x{f}} d No values
e {r:-b<x<-3)Ulx:x>4)
(3.5,9) and (-1.5, 4) f {x:-1<x<1}U{x:2<2x<3}
2 4 a x<Dorzx=2 b »<0Qorx=0.8
¢c rx<-lorx=0 d x<0Oorx=>05
e r<-—zorx>; f x<-Zorx=3
0 > 5 a -2<k<6 b p=-Borp=0
6 xx<-2lU(x:x>T7)
7 a {v:x<i b {x:—<2x<3)
¢ {x:—3<z<i
b (-1, 8) and (3, 0) 8 x<3o0rx=>=55
4 9 No real roots b* - 4ac <0 (-2k)F -4 xkx3<0
4k - 12k =0whenk=0and k=3
solution 0 = k < 3
note when k = 0 equation gives 3 =0
Exercise 3F
) X 1 a P3.2, -1.8) h x<3.2
b (6,16)and (1, 1) 2 ali yA
5 (-11,-15)and (3, -1)
6 (-11,-41)and (2, 5)
7 a 2 points b 1 point ¢ 0 points
ol 1 \ =z
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ii (4, 5) iii x=4 3
b i y
0 x
ii (-3, 23) iii x=-3
¢ i y.il
>

-

t’}\

ii (-2,9),(0,5) jiii -2=2=0
d i HJL
f‘\/= 6 a (1,6),(3,4).(1,2)
) x b x=1l,y<7-2.y=x+1
7 y<2-5x-222x+y=0x+y=4
8 a i
: |
15
ii (-5,-22),(3, -6) jiii x=-5orx=3 “
e |
1
I
1
:
1
1
- SR 5 . b [—E:, {} (2, 6), (2, -1), (-0.4, -1)
i1 1) —2=x =1 941
¢ . ¢ (-0.4,-1) d -5
x Chapter review 3
1 a 4kx-2y=8
dkx + 3y = -2
—5y =10
y=-2
ii -18), (3, -2) iii xr=-50orx=3 1
3 a —1{::{2 b 05<x<3 b £=-
¢ p=Dhorys3 d xr<QOorx>2 2 x4 y=31
e l<x<3 f x<-lorx>-0.75 &

3 a Substitute x = 1 + 2y into 3xy - y> =8
Challenge b (3,1) and (-1 _g}
a (-1.5,-3.75),(6,0) Dy T

o I o
b {(x:-15<x<6}) 4 a Substitutey=2-xintox*+2xy-y>=0

b I=?+'.-"ﬁ y=-1 +/6

Exercise 3G 5 & F=(3 =3 x=3y-2
: 2 N b x=4,y=3andx=-25,y=—3
“-.\ 6 x=-13,y=2;andx=4,y=—3
W 7 a k=-2 O )
8 a (r:x>10y b (:x<-2}uix:x>7)
] 9 3<x<4
E i .\‘,\ —> 10 a r=-5,2x=4 b ({x:x<-5)uU({x:x>4}
_ﬁ-ﬁ-:g-f}_gx%‘_,\;x. 11 a 1{2% b %{I{'ﬁ
&= = ¢ O<x<4 d l{xﬁgl

2

@ Worked solutions are available in SolutionBank.



12
13

14

l=x=8§
b? < 4ac so 16k* < -40k

8k(2k +5) <0s0 -3 <k<0
15 a yA

VA

b (-7, 20),(3,0)

c r<-7,x>3

ANSWERS

Exercise 4A

N_

16 1(-1-V185)<x <1 (-1 ++/185)
* s 1 a WA
17 \ 7L S
III'| 9"'\ i: El
L r ks -
—m—si{{,igf_ rég‘ b x /
LI Al
L 1 _8_ ' !
g ! 1
124
LY £
rr 1‘16' 11 ¢
—2()- - ’
” 9
18 a K b 5
:‘\?
AW LN
!.f a \\
7 . %
e N
r] \\
—— T .. et
’IJ 2 \\\\ (&
i’ ’1 »
4 BbhOl 123 42
Challenge
1 O0O<x<1.6 2 2<k<7
g
CHAPTER 4
Prior knowledge check
1 a (x+5)0x+1) b (x-3)x-1)
2 a \ H‘L / b i
A 0 3 ; i
_]\rj X
3 alx 2 -1.5 = | 0.5 0
: : 2 a
y =12 -6.875 ] -2.625 2
X 0.5 1.5
y | -1.375 0 2.875

=y

A
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3 a y-=

c y=x(x+1)
;’—]EE

e y=x%x-1)

) {
1 x

~

x(x+2)x-=1)

v

b y=x(x+4)x+1)

A

A

=Y

d y=x(x+1)3 -x)

A

I y=x(1-2x)1+x)

y.ﬂ.

\.

g y=3x(2x-1)2x + 1)

A /

0 (2.0 X

x
0,-1)¢ (1,0) *
e Ya
-2, 00NO0 «x
EU,—S}\
g A
ﬂﬁ’lm %
[0,—2?7
1 A

h y=xx+1)x-2)
i A

h I A
(0, 8) (2. 0)
() L
d Y
r 57
(0, 27)
3. 0) 0| x
h

@ Worked solutions are available in SolutionBank. #



ANSWERS

5 a b=4,¢c=1,d=-6 Exercise 4C
b (0, -6) 1 a i
1 Yh y = x2
6 a:%h:—%m:%,u’zz
7 a x(x2-12x+ 32)
b x(x - 8)x-4)
¢y 1 O X
0] 4 g; :
y=x(x*-1)
i 3
iii r2=ax2-1)
h i [y

Exercise 4B
1 a iy 4

«— Yy =x(x + 2)

9
. i 1
il x(x+2)=-2>
X
oo | = 4

y=(x+1)(x-1)°

e
. X
ii 3
fii 22=(x+1)x-1)2
d i bk .
y=x31-x

0

f-::/:-ur

=] e

ii 2

i o s i

mx[l—x}_—E
[ uyA e i A

'
=Y

y=x(x—4)
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i1 i 3
i x(x - 4) = % iii —23 = —x(z + 2)
G | i A 2 a

yl
e—— Y =2x(x—-4)

b Only 2 intersections

3 a If A
= [y — 3
y=k-2) / y = 3x(x - 1)

2 0 x

/ y=Il:;t'—4] y‘=[.1‘+]]3

b Only 1 intersection

ii 1
41 i - [ _ k]
ifi x(x-4)=(x-2) 4 a iy
h i yA
Sin 8
e 0
)
y=-x(x - 1)°
y =13 b Graphs do not intersect
@ 3 P *lE 2
1 1 I A
—y=x -
y=1
0 P
_ .3 b 2; the graphs cross in two places
— Y= so there are two solutions.
ii 2 & &
i —x® = x?
j 1
H A4
y =
y=—x(x+2)
f"/ / 0
7 0 x
2 b 3
¢ LExpand brackets and rearrange.
d- [_2:: 1}: [_11- 4}! [%! 9]

@ Worked solutions are available in SolutionBank.



b

b

b

10 a

b
c

1 a i Uy ii oy iii
0 =x

y=x*-3x%-4x

(0, 0); (-2, -12); (3, 30)

A
y=14x+ 2

y=@2-1)x-2)

—
=Y

/fM ﬂ
(0, 2); (-3, -40); (5, 72)

/7Y

y=(x-2)x + 2)?

(0, -8); (1, -9); (-4, -24)

g1 y=x"+1
2y=x-1
1
1/
— =
/_0'5 )

Graphs do not intersect.

7

Exercise 4D

(=2, ), (0, 4)
(-2, 0), (0, 8)

f

i yij

o
=Y

() X

0,1),(1,0)

{_ﬁ! l--IL
{D! _SL
(V3. 0)

iy

(0, 9), (3, 0)

ii yij

(] X

(vZ, 0), (0, 2)

ii ¥4

b
1) x*

/

(0,-1), (1, 0)

ii ya

(0,-1), (1, 0)

iy

0 x

(0,-27), (3, 0)

Iia y = f(x)

iii

\

0,-1),x=1,y=0

iii

A

(0, -

)

dx=3,7=0




&1

¢ flx+2)=(x+ 1}x + 4); (0, 4)
flx)+2=(x-1Mx+ 2)+ 2: (0, 0)
a U b y="f(x+1)%
y = flx) _TI 0 X
) 1 X
¢ flx+1)=—-x(x+ 1) (0,0)
a Y& y=f(x b y=1fx)+2
y.ih \
2
; 2 = 7y Jo| 5 %
y=f(x +2)
¢ flx+2)=(x+ 2)x2; (0, 0); (=2, D)
Uy g b ,,,,\ e
/ X 4-
0 "
L5 {}
P = l‘(x +2)
e fix+2)=(x + 2)ix - 2); (2, 0); (-2, 0): (D, —4)
fix) + 4 = (x - 2)% (2, 0); (0, 4)
a (6,-1) b (4,2)
1
Y4
Y
y=2x°-5x%+bx
N5 x
=(x-2P-5(x-2F +6(x-2)
a y
¥y=x*+4x%+ 4x
7
b -1orl

Challenge

1

2

(3. 2)
a (-7,-12)
b flx -2)+1

Exercise 4E

1

a i

Y4

b 1(2x)

. 2f(x)
i

x

f{r‘:ﬂxl

i

2{(x)

N

64
Ir-_1__
2_
()
_2_
_4_

i YA f2x) i YA
W X
[.{

F 3
j ey
0 x
ﬂ c
fl—x)
—.T}
i yr fly) il ya T
P
4' =,
] x
f(3x) fix)
ii U4 i Y4
0 x 0 x
ﬁ‘“‘h f(4x)
fldx
1L A 111 f 3 f[ %x }
/ k
i
| x
ﬂlxl HI}
i Y {'[_-1;] A
2f(x)
g \C
i
x | q
flx)

@ Worked solutions are available in SolutionBank. #



g

i A f(x) i YA i ya
0 x 0 X
4 * j f—ﬁxl
—f(x)
—f(x)

i Y4 i Y LU 7 .
L 0 x 0 =

i Y4 gy i Y4 iy

o\ 0 X
£
y.u
4| y=-1x)
_/ 0 x X
Ha y= [.[I]
o 0 2 X

\\_\

-1
b yuy:f[%,x]
0 4 X

A
Y4y = 1(22)
10M -2 x
y =—f(x)
s y=5x-3
g={(2x)*(Zx~ 3)
5
6
3y = —x%(x - 2)°
7 a (1,-3) b (2,-12)
8 (-4, 8)
9 a ya
y=(x-2)x-3)?
b 2and3
Challenge
1 (2,-2)
2 i)

Exercise 4F

1 a A b

-1, Z)
(0, 0)jo
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c € y=2,£=3.00.0
I7F S
............. o
e ON 'L x
12

2
SRS
=Y

h y=-2,x=1,(0,0)

y;y:
ydb. :

3 a A(-2,-6), B(0,0), C(2, -3), D6, 0)

A : \ WA /
................ , 0 (2.-3) 6 x
oN i1 > (-2.-6)

b A(-4, 0), B(-2, 6), C(0, 3), D(4, 6)

YA
yp o K (-2, 6)
> /\
& X
\_2\ 5 /-4 0

@ Worked solutions are available in SolutionBank. #



¢ A(-2,-6), B(-1, 0), C(0, -3), D(2, 0) j Al4,-6), B2, 0), (10, -3), (-4, 0)

A Ha
S| \

T

0 o x o 0 2
=2 -3

=Y

2.5 (4, -6)
d A(-8, -6), B(-6, 0), C(~4, -3), D(0, 0) 2 &1 =2 E0 (0
I A i QL
=6 R 9
0 =x E k
(-4, -3) ;

=
=Y

_gl
(-8, —6) |
e A(-4,-3), B(-2, 3), C(0, 0), D(4, 3) \

i 4 ii x=-1,4y=0,(0,1)
{_21- 3] [4’ 3/ | if &
0 X | :
(-4, -3) R e
=0 x
£ A(4,-18). B(-2. 0). G0, =9), D{4, O) !
I a E
/ jii xt=0,y=0
4 ; )
0 x
g A(-4,-2), B(-2,0), C(0, -1), D(4, 0) j
y‘n
9 / iv x=-2,y=-1,(0,0)
R 11
(-4.-2) ;
h A(-16, -6), B(-8, 0), C(0, -3), D(16, 0) 2. 3 >

¥
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vi x=-2,4=0,(0,-1) Chapter review 4
. Y4 ta 0 y=2@r-2
E > ,] ;
—25 _{)ﬂ
E y=2x—x°
5 ' b x=0,-1,2; points (0, 0), (2, 0), (-1, =3)
b flx) =
x+2
= \ 2 a
H a T
b i(6,1) ii (2, 3) i (2, -3.5)

6 a A(-1,-2)B(0,0)C(1, 0) D2, -2)

¢ y=x>+2x-5

3
b A(-1,0) B(0. 4) C(1, 4) D(2. 0) »
y
zy = f(x)
BIA(

b
A(3,2)
y—3 = fl) ﬂﬂm, 0) x
C Y
A(3.2)
»> 0 ¥
(8] x B{D, _2]
i = 0 is asymptote
d A(-1,0) B0, ) €(1,2) D2, 0)
d
B-3.0/ 0| *
e [
i A(6, 4)

@ Worked solutions are available in SolutionBank.
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f y b
y=3
B(0, 1)
o x
4 a x=-latA,x=3atB
5 a yh
11 a Asymptotes atx =0 and y = -2
= YA
0,0)0
{fg DJ[ ) “‘ y =flx) -2
b Ha
0. 0) | :
0 (2,0) x

ii y

d Asymptotes at y = 0 and x = -3; intersection at (0, %J

Challenge
7.0 % (6-c,—4 - d)
[11_1} - -
Review exercise 1
a (0,2 b -2 c -1,1,2 1 4 ? h L
4
a i [i_; 3) ii (4,6) iii (9, 3) 2 a 625 b 4;.1
iv (4,-3) v (4,-3) 3 a 45 b 21-8/5
b f(2x), flx + 2) 4 a 13 b 8-2/3
c i fla-4+3 i 2(Gx) 5 a 1+2%k b 1+6Vk
9 a x(x-3)2 6 a 25:’['_4 b 2
b 7 8+ 872
Y4 8 1-22
9 a (x-8)x-2) b y=1,y=13
10 a a=-4,b=-45 b x=4+3/5
(0, 0) 11 4.19 (3 s.f)
ol (3,0) x 12 a (x-30¢+9
. b Pis(0,18),Qis (3,9
— oy 2 :
IS =) ¢ x=3+442
13 a k=2
¢ -4 and -7 b i
10 a YA y:['[l] 0, 2)
(0, 0) -2, 0001 x
g @0 * 14 a PO -8)x3+1) b -1,0,2
15 a a=5,b=11
b (x + 5)2=-11, 50 no real roots
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16

17

18

19

20

21

22
23

=3

o o RrBrR oCRaO

Y

3

0 =x
dim;riminant = -8, s0 no real roots
“2V3 < k < 2v3

Substitute ¥ = x — 4 into 2x? — xy = 8 and rearrange.
x=-2+23,y=-6=+273

1
I}I
1

7
1 1
E«:xqgnrx::S

X<-0rx>3

“2x+1)=x2-5x+ 2

12

-3x+4=0

The discriminant of this is -7 < 0, so no real solutions.

a
b
a

b

x=L,y=-2;2=-3,y=11
xf:.—Bnrx::-B%

Different real roots, discriminant = 0
soki-4k-12=10
k<-2o0rk=>6

r<-5orx=-2

a.b

%L
144¥ = glx)
9

/ (1, 8)

3

=
=Y

= fiz]

(5,-16)

24 a x(x-2)x+2)

b

YA

-2 (}UELE
YA

-1 OAIURZ.;

26

27

28
29

a

b

h
M @2

4
0 / 4\.-1:

(2,0)(4,0) and (3, 2)
A

0 1\'/2 X

(13, -2)

(1,0) (2, 0) and (1%, -2)

&h
0 A?F
(0. 0) and (3. 0)

(

0l 1 4\§

(1, 0) (4, 0) and (0, 6)

I
3
0| 2 8\ x

(2, 0) (8, 0) and (0, 3)

Asymptotes: y =3 and x = 0
(—. 0)

(6, 8) b (9,-8) ¢ (6,-4)

1

@ Worked solutions are available in SolutionBank.



30 a YA
1 1
(-3, 0) (z, 0) >
JO| \ x
b -1.3
Challenge
1 a x=1,x=9 b x=0,2x=2

2 2cm, 32 cm

3 I+ xi-zx=2xx-1Dlx+1)
3xd3+x2-x=223-2x
W+a2+x=0
x(x2+2x4+1)=0
The discriminant of the bracket is -3 < 0 so this
contributes no real solutions.
The only solution is when x = 0 at (0, 0).

CHAPTER 5
Prior knowledge check
9 20 -
1 a (2-1 b (5.2 ¢ (7.3)
2 a 45 b 10/2 ¢ Wb
3 a y=5-2x b y=2x-2 c y=3x+12
Exercise 5A
1 a3 b 1 c -3 d 2
e -1 f 3 g 3 h 8
2 B 1 1
1 3 .] | k -3 1 -3
qE_pE
m 1 n =
2
& 12
1
4 41
1
5 21
6 %
7 26
8 -5
9 Gradient of AB = gradient of BC = 0.5;

point B is common

Gradient of AB = gradient of BC = -0.5;
point B is common

Exercise 5B

ANSWERS

by=-ax-c
ay. {c¢
v=(-5F ()
10 a=6,¢c=10
11 P(3,0)

12 a -16 b -27

Challenge

5 (0,0

6 (0,5),(~4,0)

7 a 3 b xr-3y+15=0
8 a -% b 2x+5y-10=0
9 ar+by+c=0

Gradient = —%; y-intercept=a. 50 y = —%x +a

Rearrange to give ax + by — ab =0

Exercise 5C

1 a y=2x+1 b y=3x4:7 c y=-x-3
d y=-4xr-11 e y:%x+12 r y:—%x—’i
g y=2x h y=—x+2b
2 a y=4x-4 b y=x+2 c y=2x+4
d y=4x-23 e y=x-4 f y=3x+1
g y=-4x-9 h y=-8xr-33 i y=%
J f:%x+%
3 Sx+y-37=0
4 y:x+2,y=—%x—%,y=—6x+23
5 a=3,c=-27
6 a=-4,b=8
Challenge
= :'[Hz—yﬂ
(22 — xq)
(2 - yy)
b y-y=— (x - xy1)
¥ =i @Z—y) 1
W-y) (-2
2 -y (xy-xy)
C y=3x+3F
Exercise 5D
1 yg=3x-6 2 y=2x+8
3 2x-3y+24=0 4 -3
5 (-3,0) 6 (0,1)
1 2
7 (0,3 8 y=2r+3
9 2x+3y-12=0 10%
11 y=2x-4 12 6x+ 15y -10=0
13 y:—%:{f+4 14x-y+5=0
15 y=-3x+3 16 y = 4x + 13
Exercise 5E
1 a Parallel b Not parallel ¢ Not parallel

1 a -2 b -1 c 3 d
2 5 1
i 3 i s k -2 1 -3
2 a4 b -5 c - d 0
e L I 2 g 2 h -2
i 9 j -3 k 3 1 -3
3 a 4x-y+3=0 b 3x-y-2=0
¢c bx+y-7=0 d 4x-5y-30=0
e Sx—-3y+6=0 f 7x-3y=0
g l4x-7y-4=0 h 27x+9-2=0
i 18x+3y+2=0 j 2x+6y-3=0
k 4x-6y+5=0 I 6x-10y+5=0
4 (3,0)

2 ry=zx+32,s:y=3x-7
Gradients equal therefore lines are parallel.

3 Gradient of AB = 2, gradient of BC = -, gradient of
CD = £, gradient of AD = 1. The quadrilateral has

a pair of parallel sides, so it is a trapezium.
4 y=Lx+3



2+ 5y +20=0
y:—%x+?
y=3%

4x -y +15=0

oo =1 oW

Exercise 5F

1 a Perpendicular b Parallel
¢ Neither d Perpendicular
e Perpendicular [ Parallel
g Parallel h Perpendicular
i Perpendicular j Parallel
k Neither 1 Perpendicular
2 y= ——x +1
3 y-= EI -8
1
1 13
2 U= —g% + 5
6 =g+
i 3x+2y-5=40
8 Tx-4y+2=0
9 [has gradient —3 and n has gradient 3. Gradients are
negative rerlprnfalf-, therefore lines perpendicular.
10 AR y= _EI+ 4? LD y= _EI_E’AD' y=2x+7,

BC: y = 2x — 13. Two pairs of parallel sides and lines
with gradients 2 and —._l) are perpendicular, so ABCD is
a rectangle.

11 a A[%,D] b 55x-25y-77=0

Exercise 5G

1 a 10 b 13 c 5 d 5
e 106 f V113

2 Distance between A and B = /50 and distance between
B and € = v 50 so the lines are congruent.

3 Distance between P and Q = V74 and distance between
Q and R = V73 so the lines are not congruent.

4 x=-8Borx=6
D y=-2o0ry=16
6 a Both lim:"; haw gradient 2.

b y=- .r+ m‘;r+25.r 23=10

¢ (2 ﬁ'}

4 75

0

P(-3,2) or P(3, -5)

a AB=V178 ,BC =3 and AC = V205. All sides are
different 1an1hs, therefore the triangle is a scalene
triangle.

b $ori19.5

9 a ,xuz, 11) b B2 0 ¢ =
10 a (3,0 b (-5,0)
¢ (-10,-10) d &
11 a y=1r-3 b y=-2x+8
¢ T(0.8) d RS=2/5and TR =5/5
e 25
12 a x+4y-52=0 b A(0,13)
c Bi4,12) d 26

Chapter review 5

1 a y=-3 I+1(1 b -22
2 a 2k=2_1 4 refore Tk = 14, k=2
8-k 3
1 1
3 a Li=y=sx+F.L=y=-x+12
b (9.3)
4 a y=3r-3 b (3.3)
5 1lx-10y+19=0
7 Gradient=3*43-33_3+8_g
DT =1 1443
y=v3x+cand A(1, 3V3), s0 ¢ = 2,3
Equation of line is y = 3x + 213
When y = 0, x = -2, so the line meets the x-axis at (-2, 0)
8 a y=-3x+14 b (0,14)
9 a y=-—3x+4 b Students own work.
¢ (1, 1). Note: equation of line n: y = —%:r +_}
10 20
11 a 2x+y=20 b yz:—h.x+%
. . .
12 a 5 b 6 ¢ 2x+y-16=0
d 10
13 a 7Tx+5y-18=0 b 1%
14 a A 7
J 2
1 3
(0,00 x
(0, —y
b {4-]) ¢ 12x-3y-17=0
15 a x+2y— 16=0
b y=- ::x
¢ ((-48, 32)
d Slope of 0A is 3. Slope of OC is -%.
Lines are perpendicular.
e 0A=2/13 and OC = 16/13
f Area =208
16 a d=1/500%=5a/2 b 5/2
¢ 15/2 d 25/2
17 a d=/10x%-28x + 26
b B(-% -2%)and C(4, 12)
C y=—3r+
d 7 21
e ZD 8
Challenge
1 A3l
78 140
2 o719
3 (u;, alc - ﬂ;])
b

@ Worked solutions are available in SolutionBank.



CHAPTER 6

Prior knowledge check

1 a 3.10cm b 9.05cm

2 a 25.8° b 77.2°

3 a graphofa®+ 3x b graph of (x + 2)* + 3(x + 2)
¢ graphofx*+3x-3 d graph of (0.5x)? + 3(0.5x)

Exercise 6A

1 a 3.19cm b 1.73c¢m (v3 cm) ¢ 9.85cm
d 4.31cm e 6.84cm f 9.80cm
2 a 108(.2)° b 90° ¢ 60°
d 52.6° e 137t F 7228
3 192km
4 11.2km
b 128.5° or 031.5° (Angle BAC = 48.5°)
6 302 yards (301.5...)
7 Using the cosine rule M -
2xhxd 8
: i 22+32-42_ 1
8 Using the cosine rule TEE TS e

9 ACB=22.3

10 ABC = 108(.4)°

11 104(.48)°

12 x=4.4cm

13 r=42cm

14 a y¥?*=(5-x2+ (4 +x)°> - 2(5 - x)(4 + x) cos 120°

:21'—10x+x2+1(&+81+x£—2[20+x—1‘2]{—%]

=x? -x + 61
b Minimum AC? = 60.75: it occurs for x = %
22+ 52 -(10 - x)?

15 a cos ZABC =
2xr x5
_20x-75 _4x-15
- 10¢ 2x
b 35
16 65.3°
17 a 28.7km b 056.6°
Exercise 6B
1 a 152cm b 957¢cm ¢ 897cm d 4.61cm
2 a x=84°y=6.32
h =135 3=166
¢ Xx=80".y=139
d x=280°y =622 (isosceles triangle)
e =827, =716
f x=4.49, y="7.49 (right-angled)
3 a 364° b 35.8° ¢ 40.5° d 130°
4 a 48.1° b 45.6° ¢ 14.8° d 48.7°
e 86.5° e A A
5 a 1.41cm (V2 cm) b 1.93cm
6 QPR =50.6°, POR = 54.4°
7 A =432 y=502cm b x=101%y=150¢cm
¢t r=hifem g=321" d x=046"10=10.2cm
e xr=21.8°y=301 f xr=459°y=23.87°
8 a 6.52km b 3.80km
9 a 7.3lem b 1.97cm
10 a 66.3° b 148m
11 Using the sine rule, x = 41"2, ; rationalising
: . 2 +42
x :—4"2%_ ) _ 43 - 4= 442 -1).

12 a 36.5m
b That the angles have been measured
from ground level

Exercise 6C
1 a 70.5° 109°(109.5%)
b

2 a xr=74.6°y=0654°
x =105°% y = 34.6°
b x=59.8°y=48.4cm
x=120° y = 27.3cm
c x=56.8°,y=4.37cm
r=23.2°y=206cm
3 a Hcm(ACB =907
¢ 45.6° 134(.4)°
4 2.97cm
In one triangle ABC = 101° (100.9°); in the other
BA( =131°(130.9°)
6 a 62.0° b The swing is symmetrical

b 24.6°

=1

Exercise 6D
1 a 23.7cm? b 4.31cm?
2 a x=41.8"or 138(.2)

h x=26.7° or 153(.3)°

¢ x=60°or120°
3 275(.3)m (third side = 135.3 m)
4 3.508
5 a Area=(x+2)(5-x)sin30°

=5(10 + 3x - 2?) x 5

= %[’lﬂ + 3x - 23
b Maximum A = 3% when x = ’l%

6 a x(5+2x)sin150° =12

¢ 20.2cm?

4
FBx+xY) x5 =2
S5x+x%=15
22 +5x-15=0
h 2.11

Exercise 6E
1 T=37.7 ;=863 2=06256
x=48°y=195,z2=14.6
x=30%y=11.5,z=11.5
T =210 y=20{F. 2=8109
x = 93.8° y = 56.3°, z = 29.9°
x=97.2°%y=414°2z=414°
x=450,3°%y=94.7", 2=14.7
ora= 130" p=>0:27%z= 1 36
r="TOY. y= T30 s =b13"
org= .07, r=106" z=287"
x=4958y=939,z=37.0°
2 a ACB=32.4°, ABC=108°, AC=15.1cm
Area = 41.3cm?
b BAC = 41.5° ABC = 28.5°, AR =9.65cm
Area = 15.7 cm?

— g ™o 0 R

e



3 a 8km 4 a -30°
b 060° b i-120° ii -60°, 120°
4 107 km ¢ 1135° ii —45°, -135°
5 12km
6 a 5.44 b 7.95 c 36.8° Exercise 6G
7 a AB+BC>AC=x+6>T=x>1; 1 a il,x=0° ii -1, x =180°
AC+ AB>BC=11>x+2=x<9 b i4, xr=90° ii -4, x=270°
b i x=6.08 fromzx2=237 ¢ i1, x=0" ii -1, x=180°
Area = 14.0cm? , ‘ d i4 x=90° ii 2, x=270°
ii x=7.23froma2-4(2 -1)x-(29 + 8&2)=0 e il,x=270° ii-1,x=90°
Area =13.1c¢m? f i1, x=30° ii -1, x=90°
8 a x=4 b 4.68 cm? 2y
9 AC=193cm y=cos 30 y=cosf
10 a ACC=(2-2P2+(x+1)2-22-2x)x + 1) cos120° 1y
=(4-4x+ 29+ @2+ 20+ 1) - 2(-2% + x + 2) (1)
=x2-x+7 B
b 1 | | >
R 0 180° ° [360° ¢
11 4/10
12 AC=1%cm and BC = 63cm
Area = 5.05 ¢cm? =k
13 a 61.3° b 78.9cm? .
14 a DAB = 136.3°, BCD = 50.1° 3 a The grap]} of y = —ngsﬂ is the graph of y = cos#
b 13.1m? reflected in the #-axis
¢ 5.15m Ha
15 34.2cm? 14

yy=—cosd

Exercise 6F

1 YA 0 /.40*3 180° 2?\36{1& 0
14

i = cost
Meets #-axis at (90°, 0), (270°, 0)
— Meets y-axis at (0°, -1)
0 9 180° ¢ Maximum at (180°, 1)
Minimum at (0°, -1) and (360°, -1)
b The graph of y = l_: sin#d is the graph of y = sin#g
il stretched by a scale factor % in the y direction.
Hh
1
2 Uk %- Y= 3sind
E E y=tand : : : -
| | o 90°  18Dx_ 270°_A460° ©
: : 37
- 5 5 — Meets f-axis at (0°, 0), (180°, 0, (360°, 0)
=ix! =] _ =] ) o o H
e e R Meets y-axis at (0°, 0)
| : Maximum at (907, 3)
: : Minimum at (270°, -
¢ The graph of y = sin %H is the graph of y = sin#
2 ¥4 stretched by a scale factor 3 in the @ direction.
1 y =sinf il
4 i =sin %H
, , — 0 90°  180° 270° 360° ¢
—18¢° —90° G 90° 180° ¢
=]
=14 Only meets axis at origin
Maximum at (270°, 1)

@ Worked solutions are available in SolutionBank.



d The graph of y = tan (# — 45°) is the graph of tan @
translated by 45° in the positive # direction.

e

| y=tan (6—45°)

T 909

270°! 360° ¢

Meets f-axis at (45°, 0), (225°, 0)

Meets y-axis at (0°, -1)

(Asymptotes at # = 135° and ¢ = 315°)

This is the graph of y = sin # stretched by scale
factor -2 in the y-direction (i.e. reflected in the
#-axis and scaled by 2 in the y-direction).

H‘"’
24
_180° —90° O 90° 180° ¥
y=-2sind
-2

Meets f-axis at (-180°, 0), (0, 0), (180, 0)
Maximum at (-90°, 2)

Minimum at (90°, -2).

This is the graph of y = tan# translated by 180° in
the negative # direction.

yn
y=tan(# +180°)

L )

~180° —90° /0]  90° A80° ¢

As tan# has a period of 180°

tan (¢ + 180°) = tan#

Meets #-axis at (-180°, 0), (0, 0), (180°, 0)
Meets y-axis at (0, 0)

This is the graph of y = cos# stretched by scale
factor % horizontally.

I
y=cos4d
1
-180 90 90 80°
14

Meets f-axis at {—]5?%", 0). (-1 12%“, 0). [—f}?%*’, 0),
(-223°, 0), (225°, 0), (675°, 0), (1125°, 0), (1573°, 0)
Meets y-axis at (0, 1)

Maxima at (-180°, 1), (-90°, 1), (0, 1), (90°, 1), (180°, 1)
Minima at (-135°, -1), (—45°, -1), (45°, -1}, (135°, -1)

=

d This is the graph of y = sin # reflected in the y-axis.

(This is the same as y = —sin#.)

y.lh
1_

-180° —9¢° O 9(° o° 0
14 y=sin(-#)

Meets #-axis at (-180°, 0), (0%, 0), (180°, 0)

Maximum at (-90°, 1)
Minimum at (90°, -1)

a Period = 720°

y’l

vira 1
y=sin 6

[
r

_3608-270°-180° —90°

e

0 90p° 180° 270° 360°0

b Period = 360°

L] =

y:—%msﬁ'

—3ﬁh°/—2’mc _180° _t}lv\\

-3

yn** 180° z?hc\%ﬂn**ﬁ

¢ Period = 180°
yl

‘ y=tan (§—90°)

_360° £270°-1807290° O

ﬁh 13'11“/’?'0“ 360°0

d Period = 90°

yr y=tan2e




6 a i y=-cos(-f)is a reflection of y = cos# in the 8 a k=60°
y-axis, which is the same curve, so cos# = cos(-6). b Yes - the graph of y = sinf repeats every 360°,
yh so e.g. k = 420°.
y=cos (-f) 9 a y4
14 y=sin(30¢)°
90¢ 180° 2[70° 360° 450° ¢ ol 1 5 3 4 & ¢ 1
1

ii y=sin (-#) is a reflection of y = sin# in the y-axis. b Betwoon 1 p and 3 pm

y4 . Chapter review 6

y=sint-0) 1 a 155° b 13.7cm

2 a x=495°area=1.37cm?
b x=55.2° area = 10.6 cm?
¢ x=117° area = 6.66cm?

N z 2 1 3 6.50 cm?
T80 0 36 . .
4 a 509c¢m? b 12.0cm?2
5 a 5 b %cmi’-’

6 area=jabsinC
y = —sin(-#) is a reflection of y = sin (-#) in the 1=3x2/2sinC
f-axis, which is the graph of y = sin 8,

1
so —sin(-f) = sin 4. —=sinC=C=45

Ve
U4 ; Use the cosine rule to find the other side:
y=-sin(-f) 22=224+(/2)2-2x2/2 cosC=x=+vZcm
So the triangle is isosceles, with two 45° angles,
thus is also right-angled.
- i 7 a AC=/5,AB=y/18,BC=15
-130° 18g°  3p0° . AC? + BC? - AB?
QoA == AC - BC
_5+5-18
2 x5 x5
iii y =sin(# - 90°) is the graph of y = sinf 8 4
translated by 90° to the right, which is the graph TS
of y = —cos @, so sin (# - 90°) = —cos 6. b 1%::1'112
A y=sin(0—90°) 8§ a 4 b 15:3 (6.50) cm?
9 a 1.50km b 241° ¢ 0.789km?
10 359 m?
11 35.2m
/ —’lil'}l'.l“’ _oNe 0 0° 18|l'.l° 27 REED" E 12 a A stretch t_‘;[‘ scale I'a,lnmr 2in ‘Ehe :rl direction.
b A translation of +3 in the y direction.
¢ Areflection in the x-axis.
d A translation of =20 in the x direction.
13 a
Yy .
b sin(90° - ) 2| y=taniz-457 y=—2c08x
= —sin (-(90° - #)) = -sin (§ - 90°)
using (a) (ii)
= —(-cos ) using (a) (iii)
= cosf
¢ Using (a)(i) cos (90° - ) = cos (~(90° — 6)) t 350 180° %
= cos(# — 90°), but cos (# — 90°) = sin#,
S0 ¢0s(90° — #) = sinf
7 a (-300°0),(-120° 0), (60°, 0), (240°, 0)

b (0]
b There are no solutions.

@ Worked solutions are available in SolutionBank.



14 a 300°

b (30°1) ¢ 60° d g

15 a p=5

i
y = flx)

NANNAN
HIVAVETAAYS

b 72°

16 a The four shaded regions are congruent.

y.llu

tf=sind
14 Y

180° + e
\ 360°—a
0 .'It Qll'_l':'f 18 7

180°-a  N.-----

—14

sin v and sin(180° — o) have the same y value,
(call it k)
s0 sina = sin (180° — @)
sin (1807 + &) and sin (360° — «) have the same
y value, (which will be -k)
s0 sina = sin (180° — @)

= —sin (180° + a) = —8in (360° - a)

y=cosf

%]
=
=
[=]
Ty

y=tand

180° +ex

=1

360°

360°—a

i From the graph of y = cos#, which shows four
congruent shaded regions, if the y value at o
is k, then y at 180° — « is -k, y at
180° + o = -k and y at 360° — o = +k
50 cosax = —cos(180° — &)

= —c0s(1580° + a) = cos(360° - a)

ii From the graph of y = tan#, if the y value at o
is k, then at 180° - « it is -k, at 180° + « it is
+k and at 360° - a it is -k,
s0 tana = —tan (180° — «)

= +tan (180° + a) = -tan(360° - o)

iy =sin (60x)°

IAWAWAWATS
KIVAVAVAVE

b 4
¢ The dunes may not all be the same height.

(&)

sin (180° - LADB - AAEB) = =—

v10 V2
180° - ZADB - ZAEB = 135° (obtuse)
s0 ZADB + ZAEB = 45° = JACB

Challenge
Using the sine rule:

CHAPTER 7
Prior knowledge 7

a

o] =i
[~

r=1.59cm

1
2
3 length of side AC = 30.4cm
4 area of triangle ABC = 18 cm?

Exercise TA

1 a 9° b 12° ¢ 75° d 90°
e 140° f 210° @ 225" h 270°
T
2 a 264° b 57.3° ¢ 65.0° d 99.2°
e 143.2° f 179.9° g 200.0°
3 a 0479 b 0.156 c 1.74 d 0909
e -0.897
2 T T T
4 bk b — d =
LA T 18 ¥ 8 6
4 3 12 9
. b . 27 3T 10+
1 5 I3 Er - g
4 3 7T 117
R ol S P~
5 a 0873rad b 131rad ¢ 1.75rad d 2.79rad

e 40lrad [ 5.59rad

Exercise 7B

1

o ~1 & 9= W I

a i 27cm ii 2.025 cm ifli 7.5m em
b i em i 1.8cm iii 3.6 cm
c i % ii 0.8 iii 2

ST em

2T ¢m

52

a 10.4cm b 1.25rad

7.0 cm

0.8

a 3w b (6+3m)cm



9 6.8cm
10 a R-r
b sinﬂ:ﬁ:eI[R—r]sinﬂ:r:eh‘?sinr}—rainm:r
= Hsinf=r+rsinf = Rsiné=rl + sinéf).
¢ 2.43cm
11 2 rad
12 a 36m b 13.6km/h
13 a 3.5m b 15.3m
14 a 2.59 rad b 44 mm
Exercise 7C
1 a 192cm? b %wnmg C %ﬂcmg
d 25.1cm? e (6r-93)em? f ($x+92)cm?
2 a {.—fﬁcm? b 5e¢m?
3 a 4.47 b 3.96 ¢ 1.98
4 12cm? .
102 + 102 - 18.652
5 a cosf= =-0.739 ...
7 2 % 10 x 10 '
b 120cm?
6 4D§nm
7 a 12
b A=3r?0=3x122x0.5=36cm?
¢ 1.48cm?
rm 121
5 a f=rﬂ=§,I=T
1.,. 1{12° 7  « {1442\ 6I2
2" Z(W)] 24 ﬁz) m
b 57cm ¢ 60
9 &t’f{‘)ﬂ:%ﬂ sin #
Shaded area = %J"E['ﬂ' ks %rg sin(r — 8)
= %rf’f:r = %rﬂt‘-} % %r2[sin:r cos# — cosw sin f)
= 3121 — 31?0 — 32 sind
Since ACOB = shaded area,
%rz sinb‘:%rﬁr—%rzﬂ—%ﬂ sin #
sinf=m-60-sind
#+2sinfl=mnx
10 38.7 cm?
11 8.88¢m?
12 a OAD = 3r29, OBC = J(r + 8)20
ABCD = 4lr + 8)%0 - 3r?6 = 48
%{r"’-’ + 16r + 649 - %r-"—’é' =48
(r2 + 16r + 648 — r29 = 96
- - 96 6
16r+64="—=r=—-4
r+ . r i
b 28cm
13 78.4(7 =0.8)
14 a 142=122+102-2%x 12 x 10 cos A
196 = 144 + 100 - 240 cos A
48 = -240 cos A
0.2=rcos A
A=cos10.2)=1.369438406... = 1.37 (3 s.f.)
b 34.1m?
15 a 18.1cm
b 11.3¢m?
16 a 98.79cm?
b 33.24cm

17 4.62cm?

Challenge
Area = 3r?g, arc length, [ = ré

Area = 3rl

Chapter review 7

1

= W I

=1

10

11

12

a

i
a

% b 8.56 cm?

120cm? b 161.07 cm?

1.839 b 11.03cm

'l Sl 1P 1 e
= b Area_zr—ﬂ_grr_gprnm
12.207 cm? d 1.105<#<1.150

1.28 b 16 v R, 1,
Area of shape X = 2d? + 3d?r

Area of shape Y = 3(2d)%

2d2 + 1d?r = 1(2d)%

2d2 +d?x =2d%9 = 1+ 1a =4

(37 +12)cm ¢ (18 + ‘%ﬁ)nm d 12.9mm

A =% %67 % H—%x 62 x sin# = 18(# - sin#)
A, =mx 62— 18(¢ - sin#) = 367 — 18(9 - sind)
Since A, = 34,

367 — 18(# - sind) = 3 x 18(# - sin &)

367 - 18(9 - sind) = 54(8 — sin #)

367 = 72(0 - sind)

3w =0 -sind

sinfl=6 -2
11 2

102=524+92-2 x5x9cosA
100 =25+ 81 = 90 cos A
-6 =-90cosA

ﬁ: cos A
A = cos7(35} = 1.504
i 6.77 cm? ii 15.7cm?

%rzx 1.5=15=r2=20
r= x-"IED = 21.':}
15.7cm ¢ 5.025cm?

2,3 cm b 27cm?2

Perimeter = 23 + 23 + 2/3 x % =

702 = 447 + 447 - 2 x 44 x 44 cos C
257
968

= 257
C=cos'(-2%)=1.84
i 80.9m

iii 22.5¢cm

21,"3

(7 + 6)

cosll = -

ii 26.7m iili 847 m?
Arc AB=6 x 20 =12¢
Length DC = Chord AB
aZ=62+62-2x6x6c0os20=T72(1 - cos 26)

= 144 sin?é
a=12sin#
Perimeter ABCD =120+ 4 + 12sinf + 4 = 2(7 + )
1260 + 12 sinf + 8 = 2(7 + 7)
6 +6sinf-3=n
26 + 2 sin 6§ - 1=%

2x%+251n(%)—1=£+2x

1
——1=
3 2

T
3
20.7 cm?

@ Worked solutions are available in SolutionBank.



ANSWERS

13 a 0,4 = 0,A =12, as they are radii of their respective

circles.

0,0, =12, as 0 is on the circumference of €, and

hence is a radius (and vice versa).
Therefore,

0,A0, is an equilateral triangle = £A0,0, = %

By symmetry, £ B0,0; is E = LAOB = ?
b 167cm ¢ 177 cm?

PR
3 3

14 a Student has used an angle measured in degrees — it
needs to be measured in radians to use that formula.

an

b cim?

Challenge

a The angles subtended are 1.551 radians
and 2.131 radians

b The area of region R is 8.9 em?.

CHAPTER 8
Prior knowledge check
1 a s b -= ¢

3
a xlo b x; c x! d a3

2
3 a y=4x-2 b y=—x+8; ¢ y=—3x+7
4 y:—%x

Exercise 8A

1 a | x-coordinate -1 0|1 2 | 3

Estimate for gradient

of curve
b Gradient = 2p - 2 c 1
2 a J1-062=,/0.64=0.38
b Gradient = -0.75
¢ i-1.21(3s.f) ii -1 iii -0.859 (3 s.f))
d As other point moves closer to A,
the gradient tends to —-0.75.
3 ai 7 ii 6.5 iii 6.1
iv 6.01 v h+6
b Gradient of tangent = 6
4 ai 9 ii 8.5 iii 8.1
iv 8.01 v 8+h

b Gradient of tangent = 8

Exercise 8B

) . 2+ h)-12) (2 + h)2 - 22
1 a f(2)=lim 7 =1HH—}3
. 4h + h?
ZLI.. A {4+ h)=4
) -3+ -0-3) . (-3+h)2-
b ["{—3]:!&1{1“1 h =lhu_I[]1 h
. —bh+ h?
= i = = lim (-6 + /) = 6
) . O+ h) -R0) . p2-02 .
¢ ['{D]=!rr1_l_';l1f]l B :lal-I-H h :L@[}fizﬂ

2

f(50 + h) - f(50) (50 + h)? — 502

d {'(50) = lhi__r_lt"]x Y = Li__:_xr} »
= lim 1008 + B2 _ i (100 + B) = 100
h—i0) h h—i
: . fix+ h) - f(x) (x + k)2 — x2
a () = LIEI[} h a l n h
= limM =lim(2x + h)
=0 h Bl

h Ash —0,1(x)= Lmr} (2x + h) =

s 3 _ (_9):
a =im[2+m (=2

h—0 h

—lin -8+ 3(-22h+3(-2)h2+ h* + 8

= lim .

—lim 12h—OM + B2 _ i (12 - 6h + B2)

fi—0 h—0

b g=12

a Giadieniopan < 1t b = o1 4 )

(-1 + A) - (-1)
_=1+3h-3h2+h*+5-5h -
B h
:}:H—BE?—’—Z;& _h2_3h_2
b gradient = -2
dy 6x+h)-6x .. 6k .
dx::.lfz [1]t h ZE}{%TZ{J
dy . 4(x + h)? - 422 8xh + 4h?
e = m ; = Jim == —
= iﬁi__r_r[]llﬂx + 4h) = 8x
dy —Jin a(x + h)? - ax? y (a — a)x? + 2axh + ah?
dx h— t} h o .umt} h
= limw = lhip_;]llzax + ah) = 2ax
Challenge 11
. . x+h x . x-(x+h 1
a flz)=ln h = ling xhx +h) o x(x + h)
= x2_+ xh
h [‘J'[x] —1 = —1 i 1

’f ”.x{x+!1] »¥+xh 2240 xe

Exercise 8C

a T7xt b 8a7 ¢ 4x? d 3
e Sx f zx g —3Jx h —4x5
i -2x3 j —bx® k -3z ] -3z
m 9x* m art o O L p —-2x3
q 1 r 3x?
a 6x b 5418 ¢ 2y d 5x
e iy f -10x-2 2 1 -
2 : ) T g 21-;:
i x= j SVE
3 1
a 3 b 5 ¢ 3 d 2
dy X
dr  2V2



Exercise 8D

1 a 4x-6 b x+12 ¢ 8x
d 16x+7 e 4-10x
2 a 12 b 6
d 23 e -2 f
3 4,0
4 (-1,-8)
5 1,-1
6 6,-4
g X
(1,-9)
¢ At the turning point, the gradient of y = f{x) is zero,
ie. fix) =0.
Exercise 8E
1 a 4x3-x*2 b 10x*-6x32 ¢ 9xi-x—
2 a0 b 113
3 a (25,-67) b (4,-4)and (2,0)
¢ (16,-31) d (5, 4)(,-4)
4 a x b -6x3 c —x?
4. : L S 1.2 1.3
d 32?227 e x7:-6z" f EI"__EI
g -3x2 h 3+ 6x? i 5xi+3x
j 3x-2x+2 Kk 12x3+18x2 1 24x-8 + 2x?
5 a1l b : ¢ —4 d 4
6 -2

|

Exercise 8F

1 a y+3x-6=0
¢ 3y-2rx-—18=0
e y=12x+ 14

b 4y-3x-4=0
il =x
f y=16x-22

2 a Ty+x-48=0 b 17y +2x-212=0
2 18

3 g3

4 y=-x4y+x-9=0;(-3,3)

5 y=-8x+10,8y-x-145=0

6 (-2 3
1" 2

Challenge

L has equation y = 12x - 8.

Exercise 8G
1 a 24x+ 3,24
b 15-3x2, 6x3
c %x' + 613, —23:3 =] Byt
d 30x+ 2,30
e -3x2-16x73, 617 + 482+
2 Acceleration =27 + 517
3 3

218 ANSWERS

Chapter review 8
10(x + h)2 - 1022 . 20xh + 10k
= i =
h ] h
=lim (20x + 10h) = 20x
2 a y-coordinate of B = (§x)° + 3(dx)* + 6dx + 4
((6x)* + 3(6x)® + 6ix + 4) — 4

1 r@ =

Gradient =
raaien (1+00) -1
e 2 )
L ek ) s AR VRS T
(d:x)
b 6
3 4,113,172
4 2,22
5 (2,-13) and (-2, 15)
& & Dt b x=23
pe
7 x4 2x
L TR SO -
8§ a —J-6xt-3xi=3x4-2) b (4,16)
dx £ 2

9 a x+xi-2i-1 b l+jxi+zx? ¢ 4y

10 fi12+%x‘5'—21‘2
11 a=1,b=-4,¢=5
12 a 322-10x+5

b i i y=2¢-7 iii 715
13 y=9x—4 and 9y + x = 128
14a ($.-3 b}
. dy ., .
15 Pis(0,-1),— =322 -4x-4
da

Gradientat P=-4,s0Lisy=-4x - 1.
—4r-1=23-222-4x-1=2%x-2)=0
x=2=y=-9-500Q1is(2,-9)
Distance PQ =2 - 0)2 + (-9 - (-1))? = /68 = 2/17
16 (1,4)
17w =220
IZ
18 a Plx.5- 347
OP2 = (x - 0)% + (5 - 322 - 0}

= ixj*— d4x2 + 25

b x=+220rx=0
¢ Whenx = :foEf f"(x) so minimum
Whenxr=+2/2,y=9s00P =3

2x b 15,125}

-

Challenge
Whenx=2,y=-7
CHAPTER 9
Prior knowledge check
1 a x¢ b 2x: c xi- % d x=+4x
2 a 6x2+3 b x-1 ¢ 3a2+2r d —%—33:2
3 a YA
7

_Y
3

@ Worked solutions are available in SolutionBank.



yﬂ/
5]
/—5 =1 @ x
Exercise 9A
1 a y=zx+c b y=2x5+¢
e y=xl+¢ d y=2x23¢
e g:%fri+r: f y=3x:i+c
g y=-2"+c h y=2xi+c¢
i y=-10x=:+c¢ i y=3x+c
k y=3x%+¢c L f=2%74€
m y=-9x:+¢ n y=-5x+c¢
o y=3x2+c P y=Fx+c
2 a y=gx*-3xi+6xl+c b y=xt+3r+2l+c
¢ y=dxr+4dx?+dxi+c d y=3xi-2x°-lxrl+c
e y=4x:-3x+4x?+c f y=x5+2x:+3x'+c
3 a l’(.r}—f};rg—%x--‘+'i;r+r: b flx)=x-x®+25+c
¢c fix)=xt+xz+c d flx)=22"-4x%+¢
e filx)=3xi-6x"7+c
f flr)=32%-2x2+2xi+¢
3
4 y=4—x+f~.’-x2+91+rz

2
5 l"[.r]:—3x-1+4;r§+‘%—4;r+r:

Challenge
grelZon B o 3 ol
Tx: bHx: 2x°
Exercise 9B
l-r-'l-
1 a = +¢
4
c —x3+¢
2 a pi+gatsc
2x: — x3 + ¢
3 a -4xrl+6xi+c
3
C —4;1:-%+%—2x'i+r:
4 a x»*+x3+2x+c¢
x> ,
c p?+2qx—3r‘+c
5 a t*+tl+c¢
c §£.4+q2£+pr-"1+r:
. 3
v o
6 a x I+::'
c %x§+2.ﬂ+c
7 a lti2r-Ltac
HI + I+,

X%+ 2% - 2xF 4 C

%E.-""' +6tT+t+C

%13 +6x2+9x + ¢

2+ Sxitdx+c

|
|._.
|
[
+
L2
=
+
]

X

b

o
+
I
=
ra
-+
[
5
+
=

s

.-rz+'3.r + 6x:+ ¢

P;re—l+r

x.»_‘

-..A.II\, ke Ll ce

(2+5/X)F=4+10% + 10X + 25x =4 + 20/ + 25x

C 2x5+§x'¢5‘+c
8 a %xi—%ﬂ?
: X
1 1.3 , 3.0
c I.-1tr4—?tr“'+§.a:r-’f—335+f:
e 3x+2x:+2x3+¢
A
9 a —T—31+!’:
p  2gx:
€ =it 3 +rx+c
8r: 3x?
10 — -—+2x+c
3 2 <
11 2x* + 322 -6x:+cC
12 a
b 4x+4ﬂﬁ+25x_+c
3 2
xf:
132 v Bgrae
2 +
14 p=-4,g=-
Exercise 9C
1 a y=x*+2x*-2
c Y= % x*+l__l
e y= l{.-r +2x¢+4x+—
2 f[.x}=._}x*+%+%
2 3
3 I{{:].—E—I
4 fla)=3x3+2x2-3x -2
. 4x: 118
5 =bx:-
4 B
6 a p= df.:;;—l
7 a ru.szz.—_
8 a f{t)=-49¢2+ 35
¢ 35m
e e.pg. the ground is flat
Challenge

_2 = X

2

fa(x) =

x+1; f5(x) =

Chapter review 9

1
2
3
4
5]
6

8
9

a

1.8
,'ix

a
4
5

5
a
b

a
b

=

203 Fgah
3 5% fx+c
1

X+ 5+
2yt - 223 + Bx + ¢
2

xi—?x%—fixﬂ'+ e
— 143 2 i G
= :{L + =+ ¢ 83,

A=6,B=9

5.5 0O
Exs+gx.=+9x+c
l._] 1 _;,:
EI"‘SI-

6xi+32x: - 24x + ¢

4,b=-3.5

25.9m
10 a f{t) =51+ 12

1
x:]Zi

=PI~ S - -

b

—x5+;r+1 fi(x) =

H:x4—l,+3x+1
I.a'
y=ﬁ~,-fx—%l‘2—4
y=2xi+6x:+1
o

y=4xi+ 5;_ - 21
73
23.975m
2.67 seconds
I"'l
Ixdxbhw. .. xin+1)

—.:I: + = .'r2+.x+1

Sxi+dxisc
4 2

2x: +%I'—:'+ C

b 7.8 seconds



C

xr=2.89,1r=549

2
dy _ 14 a 1.287 radians b 6.44cm
12 a —=6x7- sxi=3x7H4 - x) 15 (12 + 27)cm
b (4.16) 16 a %{r + 10)%6 - %rzt? =40 = 20rf + 1008 = 80
o _ _4
13 2 _16xF 5.0 5., :rﬁ+59_4=>r_§—5
= 3 b 28cm
— rOWA — 42 4 pt :
14 a o) = kot }{412 ok ) 8x2-12 + 622 - x* 17 a 6cm b 6.7 cm?2
b Hx]=—§—12x+2x’*—£—£ 18 a 119.7 cm? b 40.3 cm
x 5 5 19 Split each half of the rectangle as shown.
Challenge Area S =2
a k = 3 12
b The equation of the curve is y = 2x* — 3x? + 3x + 2 i
Area T='2y2
8
Review exercise 2 B8 s (1 _¥3 L)rz
1 z+3y-22=0 2 8 12
2 x-3y-21=10
3 4,-25
1
4 a y=-zx+4
b Cis(3,3)
A B
¢ 15 T
: U=(r2-Zr2) - 2R
2 V10 cm d [ 4:* )
6 a cos fil'.l":%: (52 + (2x - 3 - (x + 1)%) = 2(5)(2x - 3) s (1 soalleind +£+‘—T)r£
5(2% - 3) = (25 + 442 — 122 + 9 — 22 -2x - 1) i G
0 = 322 - 24x + 48 =r2(% ﬁ)
»?¥-8x+16=0
b 4 . Shaded area U U
¢ 10.8 cm? 2o ’
7 a 11.93km 12 (3 = 7) D R i C
2 e 5(x + h)? - 5x®
8 a AB=BC=10cm, AC = 6/10 cm 20 Jjm 2=
b 143.1° | -
9 19 4 cm2 = lim 5224+ 10xh + 5h2 - 5x2
e i = h
10 a ya . | ,
: : i 10xh + 51
) : : T heD h
Yy = sinx : |
2 : : =1jm 10z + 5k
51 ' I =10x
! 21 %=12x2+x'§
. %
I d 9
| 22 a d—y:4+.—jxé—4x
: x ?
b 2 b Substitute x = 4 into equation for €
11 a (-225, 0), (-45, 0), (135, 0) and (315, 0) ¢ Gradient of tangent = -3 so gradient of normal = l_;
i Substitute (4, 8) into y = 3x + ¢
h [0, 1 20
g Rearrange y = X + 5
12 x-axis: (-7, 0), (—3—“f 0. (5 0). 27, D) d PQ=810
4 4 / \4 dy
y-axis: (D g 23 a F P 8x — 5x~2, at P this is 3
. : '.-".2 =
b y=3x+5
13 a y4 ' 5
1 T £ A=
Y=goein o 24 a P=2,Q=9,R=4 b 3xt+ dx-t - 223
/ s ¢ Whenx=1,f(x)= 5% gradient of 2y = 11x + 3 is
0 T 7 3 or X 5+, S0 it is parallel with tangent
2 E ) :
d . d?
-1 25 a d—y:6x+2x-r b Ei:ﬁ—
: . x =
b y-axis at (0, 0.5). x-axis at (% l'_l) and (iﬁr D) c 23+ %x +

@ Worked solutions are available in SolutionBank.



26 a 2x*-5x%-12x c YA Exam Practice
b 2x3 - 5x%-12x 1 a 28a4% b 48a‘ c -2-7
=x(2x% - 5x -12) 2 x(d4x-3)x+1)
“Heur Rl R 3 2xt- 20t 3orZx’ - 200 - 3orZxt5-2205-3
- > : : .
—3f O il 4 a A:%nr]f1=ﬂ.2,ﬂ=1-5ﬂfﬂ=1%+3=2=¢=—n-5
orqg=-5
h 0.3.1.":]'5 e x—l.;’:
Challenge ¢ 0.08x25 4+ 4x 05
1 a 160 a max (4, 18) min (2, -6)
" (_&f []\) b max (-4, 0) min (2, -12)
i oy g c
d

=1

max (-2, 9) min (0, -3)

T=2 | 1 max (-2, 9) min (1, =-3)
24+ 37 -2 ¢ 3l g 1 -2 1.2: 3..05
() 4 3 ] Bl QLL 4 3 ] L2 5 _ - 1.5
3 a F(-3)=F2)=0,s0 () =kix + 3)x - 2) THOT T4k T TOrATHIT T AT ¥
= k(x2 + x - 6); 7 a Different real roots, discriminant = 0
there are no other factors as f{x) is cubic. sok?-4dk+4)x1=k*-4k-16>0

b k<2-250rk>2+205
8 p=2,¢g=-3
9 a y,

b 2x3+3x2-36x-5

0 \’x

: : 1
b x-axis crossing: __,E,D
v

y-axis crossing: 1 +§, 0
10 (3, 4)



INDEX

angles, radians 134-5

arc length 133, 135-9

area
right-angled triangles 96-9
sectors and segments 139-45
triangles 116-18, 133
asymptotes 69, 124

brackets
expanding 1, 4-6, 7
simplifying 2-3

C

calculus 150
circles
arc length 133, 135-9
areas of sectors and segments 133, 139-45
circumference 134
degrees 134-5
radians 133, 134-5
coefficients 21
common factors 7
completing the square 22-4
constant of integration 172, 177
coordinate geometry
distance between two points 96-9
equation of a straight line 87, 89-92, 150
gradients 86-9, 150
parallel and perpendicular lines 93-6, 150
turning points 27-30, 159
cosine rule 105-10, 118-22
cosx 105, 133
cosx graph 123-5
critical values 46
cubic graphs 58-61
curves
differentiation 154-63
gradients 151-4
normals to 163-5
sketching 27-32, 171
tangents to 151, 163-5
turning points 27-30, 159

D

deduction 156
degrees 134-5
denominators, rationalising 13-15
derivatives of a function 154-7, 165-6
difference of two squares 7
differentiation
derivatives 154-7, 165-6
from first principles 155
gradients of curves 151-4
gradients of tangents and normals 163-5
polynomial functions 161-3, 171
quadratics 159-61
reverse of 172
second order derivatives 165-6
x" 157-9
discriminants 30-2, 41-2
distance between two points 96-9
domains 25

E

equations
changing subject 85
gradients, tangents and normals 163-6
quadratic 19-22, 37-8
simultaneous 37-8, 40-3
straight line 87, 89-92
exponents 2

=

factorising 6-9
first order derivatives 165
fractions
rationalising denominators 13-15
simplifying 1, 3, 171
functions
cubic 58-61
derivatives 154-7, 165-6
domains 25
finding 177-9
gradient functions 155
integration 172-9
periodic functions 123
quadratic 159-61
range 25



roots 25-7
transformations 57, 75-7
translating graphs 67-71

G

gradient functions 155
gradients
curves 151-4, 163-5

parallel line and perpendicular lines 93

rate of change 165-6
straight lines 86-9, 150
graphs
cubic 58-61
inequalities 49-51
intersections 36, 63-6, 85
quadratic 27-32, 46-9
reciprocals 62-6
reflections 73
regions 36, 51-3
simultaneous equations 40-3
sketching 8, 27-32, 57, 104
straight lines 86-99
stretching 71-4
transformations 57, 125-9
translations 67-71
trigonometric ratios 123-5

H

highest common factor 1

indefinite integrals 174-7
index laws 2-4, 9-12, 150
inequalities
on graphs 49-51
linear 8, 44-6
quadratic 46-9
regions 51-3
integration
constant of 172, 177
finding functions 177-9
indefinite integrals 174-7
polynomial functions 174

as reverse of differentiation 172

x" 172-4
intersections 36, 63-6, 85
irrational numbers 12

L

like terms 1

limiting values 155

linear equations 85, 87, 89-92
linear inequalities 44-6

linear simultaneous equations 37-8

maximum/minimum points 27-30

normals 163-5

=

parabolas 18, 27-32

parallel lines 93-6

periodic functions 123

perpendicular lines 93-6, 150

plus/minus sign 20

points of intersection 63-6

polynomial functions, differentiating 161-3
polynomial functions, integrating 174
projectile motion 18

Q

quadrants 62
quadratic equations
factorising 19-20, 57
formula 21, 30-2, 41-2
roots 19
quadratic expressions
completing the square 22-4
factorising 7, 19
quadratic functions 8, 159-61
quadratic graphs, sketching 27-32
quadratic inequalities 46-9
quadratic simultaneous equations 39-40
quantum computers 1

R

radians 134-5

range 25

rational numbers 9

real numbers 7, 25

reciprocal graphs 62-6
reflections 57, 73

regions 51-3

right-angled triangles 96-9, 105
roots 19



S T
second order derivatives 165-6 tangents, to curves 151, 163-5
sectors, area of 133, 139-45 tanx 105, 123-5, 133
segments, area of 139-45 transformations
set notation 25, 36, 44 functions 75-7
simultaneous equations graphs 57, 67-71
graphical solutions 40-3 trigonometric graphs 125-9
linear 37-8, 57 translating graphs 57, 67-71
quadratic 39-40, 57 triangles
sine rule 110-16, 118-22 area 96-9, 116-18, 133
sinx 105, 123-5, 133 cosine rule 118-22
sketching 27-32, 104 sine rule 118-22
square roots 36, 85, 171 trigonometric ratios 104
straight line graphs trigonometric ratios 104, 105, 123-5, 133
distance between two points 96-9 turning points 27-30, 159

equations 87, 89-92, 150

gradients 86-9, 150

intersections 85

parallel and perpendicular lines 93-6, 150
stretching graphs 57, 71-4
surds 7, 12-13
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